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Abstract
We establish a double dualization in two-dimensional supersymmetric gauge theory. We con-
struct a gauged linear sigma model (GLSM) which contains a complex twisted linear superfield
coupled to two sets of Abelian vector superfields. In the IR regime, the GLSM provides a string
sigma model whose target spaces are a defect NS5-brane, a Kaluza-Klein vortex and an exotic 522-
brane. All of them are five-branes of codimension two and are related by T-duality. This model is
a natural extension of the GLSM proposed by Tong which gives a sigma model for an H-monopole,
i.e., a smeared NS5-brane of codimension three. This is also regarded as an alternative system of
the GLSM for exotic five-branes proposed by the present authors. In this analysis, we confirm that
the T-duality transformation procedure in terms of the complex twisted linear superfield is appli-
cable to dualize both the real and imaginary parts of the twisted chiral superfield even at the UV
level, beyond the IR limit. This indicates that the T-duality transformations at finite gauge cou-
plings can be performed in terms of reducible superfields in the same way as irreducible (twisted)
chiral superfields. Furthermore, we study quantum vortex corrections to the GLSM at the UV
level. In the IR limit, these corrections are mapped to string worldsheet instanton corrections to
the five-branes of codimension two. The result completely agrees with those in double field theory
analysis.
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1 Introduction
Exotic brane is a mysterious object in string theory. Exotic brane is a spacetime extended object
of codimension two, one, or zero. Each is also called a defect brane (or a vortex, in the soliton physics
framework), a domain wall, and a space-filling brane. D7-branes, D8-branes, and D9-branes are typical
examples in D-brane physics [1]. All of them play a central role in development of string theory. Indeed,
D7-branes provide us F-theory [2] beyond small string coupling constant. D8-branes yield the Romans
mass [3] in type IIA theory. This is one of the simplest deformation of ten-dimensional supergravity.
D9-branes in type IIB string theory [4] lead us to type I string theory, where closed strings and open
strings coexist. After the discovery of exotic branes [5, 6, 7, 8, 9, 10], they have been investigated
and applied to various configurations. In particular, in black hole quantum mechanics, they play a
significant role [11].
Exotic branes and Kaluza-Klein (KK) monopoles reveal stringy corrections to our spacetime. It
is known that their geometries receive string winding mode corrections that cannot be traced in the
framework of supergravity [12, 13, 14]. Beyond the investigation of the stringy corrections to the KK-
monopole, people developed many formulations in various fields such as supergravity and superstrings
[15, 16, 17, 18], worldvolume theory [19, 20, 21, 22], (non)geometric fluxes [23, 24, 25], double field
theory (DFT) [26, 27, 28, 29, 30], N = (4, 4) gauged linear sigma model (GLSM) [31, 13, 32, 33], and
many others. Quite recently, all of the exotic branes of codimension two, one and zero are completely
classified by virtue of string dualities [34, 35]. Even though their physical feature is still unclear, it
is natural to think that exotic branes provide us new physics beyond perturbative property of string
theory and M-theory.
Now, we focus on an exotic 522-brane. This is an NS-NS type brane object (called the NS-brane, for
short) coupled to B-field in string theory. Indeed, this appears when two of four transverse directions
of a single NS5-brane is T-dualized. Since the KK-monopole is also obtained via T-duality of the NS5-
brane, the 522-brane is an interesting object to research. This configuration can be described in the
framework of string worldsheet sigma model when F-string is utilized as a probe. This is a reason why
NS-branes have been analyzed in terms of nonlinear sigma model (NLSM) and its UV completion, i.e.,
GLSM [31, 13, 32, 33]. GLSM was discussed by Witten [36] to study string worldsheet sigma model on
Calabi-Yau manifold and its corresponding Landau-Ginzburg CFT. However, since the formulation
is quite general, the GLSM can be applied to various situations. Worldsheet instanton corrections
to the geometry of the H-monopole (equivalently, the smeared NS5-brane in a compact circle S1) is
one of the typical applications via brane configurations [31]. It is the most important that, in the
GLSM framework, the string worldsheet instanton corrections can be captured by the gauge theory
vortex corrections [36]. By virtue of this, the vortex corrections to the H-monopole geometry has been
computed. The essential ingredient in the GLSM is the topological term:
e−SE ∼ exp
{
− i
2pi
∫
d2xϑF12
}
, (1.1)
where SE is the Euclidean action associated with the two-dimensional GLSM and F12 is the field
strength of the Abelian gauge field1. The scalar field ϑ represents the coordinate of the compact circle
in the four transverse directions of the NS5-brane. One immediately finds that when the gauge field
1In the main part of this paper except here and in section 6, the analysis will be discussed in two-dimensional spacetime
of the Lorentz signature. These two frameworks can be exchanged via the Wick rotation x0 = −ix2, F01 = +iF21 = −iF12.
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takes value in a non-trivial topological sector classified by the first Chern number n = − 12pi
∫
d2xF12, the
isometry of the geometry along the ϑ-direction is broken. This substantially leads to the localization
of the NS5-brane in S1. A remarkable consequence of this fact can be seen in the T-dualized KK-
monopole picture. Since the coordinate ϑ is the Fourier dual of the KK-modes associated with the
compact circle, the corresponding corrections to the KK-monopole is realized as the dual coordinate
associated with the string winding modes (T-dual of the KK-modes). Indeed, this is confirmed by the
direct calculations of instanton effects to the Taub-NUT geometry based on the GLSM [13].
Supersymmetry is a key ingredient to uncover the instanton effects. Since the H- and KK-
monopoles are half-BPS solutions to ten-dimensional supergravity with 32 supersymmetry, the corre-
sponding NLSM and GLSM possess the two-dimensional N = (4, 4) supersymmetry. This N = (4, 4)
supersymmetry is conveniently realized by the N = (2, 2) superfield formalism. The topological term
appeared in (1.1) can be expressed as a twisted superpotential in two-dimensional N = (2, 2) super-
symmetric theory:
ϑF12 ∼
∫
d2θ˜ΘΣ + (h.c.) , (1.2)
where Θ is a twisted chiral superfield whose imaginary part is the scalar field ϑ, and Σ is another twisted
chiral superfield which involves the gauge field strength (for details, see section 2). Superfield formalism
is a useful tool to study supersymmetry comprehensively. Indeed this formalism is very powerful to
study the corrections to the NS5-brane and the KK-monopole. The discussion is generalized to exotic
branes. The exotic 522-brane has a two-torus fibration in the ten-dimensional spacetime viewpoint,
i.e., two compact circles, which come from the T-duality of NS5-brane. We constructed a GLSM
for the exotic 522-brane [33] in which the two compact directions are assigned by (r
2, ϑ). The model
naturally incorporated the topological term (1.2) including ϑ. In order to evaluate the string worldsheet
instanton corrections along r2, we expect the study of a topological term
exp
{
− i
2pi
∫
d2x r2F̂12
}
, (1.3)
where F̂12 is a new gauge field strength. Unfortunately, however, this form cannot be realized in [33].
This is because r2 belongs to the chiral superfield Ψ which never couples to a twisted chiral superfield
as in (1.2). Instead of this, the present authors tried to find an alternative formulation in which the
corrections can be captured [14, 37, 38, 39, 40], but this approach has not been completed.
Recently, we explicitly obtained the string worldsheet instanton corrections along the two-torus
in the DFT framework [41]. In there we studied the corrections to the 522-brane geometry that come
from the string winding modes in the two-torus T 2. As anticipated from the discussion of the KK-
monopole, the corrections break the isometry along the two dual coordinates associated with the
winding modes. It is now indispensable to study the microscopic origin of the winding corrections to
the exotic branes. Namely, we examine GLSM that captures the geometry with two-torus fibration
correctly. This implies that we have to find a new description in which we can compute the instanton
corrections along two isometry directions in T 2 and their duals. The only one alternative in our hand
is r3, i.e., the real part of the twisted chiral Θ. Precisely speaking, we have to prepare two topological
terms ∫
d2xϑF12 +
∫
d2x r3F̂12 , (1.4a)
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and its superfield expression ∫
d2θ˜Θ
(
Σ + iΣ̂
)
+ (h.c.) . (1.4b)
By using these new terms, we will study the simultaneous compactifications along both the real and
imaginary parts of Θ, and develop a consistent formula of dualization along both directions. This
is different from the previous work [33] in which the imaginary parts of Θ and Ψ are compactified
and dualized. The case of a single dualization of such irreducible superfields has been established
by [42, 43]. However, a double dualization of a twisted chiral superfield has not been established.
Fortunately, we have already known that duality transformations in terms of reducible superfields are
useful even when global isometries on the sigma model target space are unclear [44, 45]. We would
like to apply this formulation in the current situation. Indeed, the present author has already tried to
use this formulation in the exotic brane [46], and partially succeeded. In this paper, we would like to
develop this formulation and complete it. Hence, the clear statement of the issues we study is as follows:
“How do we construct the double dualization of a twisted chiral?” “How is this procedure applied
to the GLSM for five-branes of codimension two?” and “How can we capture the string worldsheet
instanton corrections to the five-branes?” We will show that the notion of the “semi-doubled GLSM”
proposed in this paper plays a crucial role to answer these questions.
The organization of this paper is as follows. In section 2, we introduce a complex twisted linear
superfield. This plays a central role in dualizing both real and imaginary parts of the twisted chiral
superfield Θ. In this discussion we demonstrate computations in detail for readers. In section 3, we
first exhibit the GLSM proposed by Tong for H-monopoles [31]. This is a gauge theory in which one of
the four transverse directions of the five-branes has an isometry by gauge symmetry. Next, we extend
it by introducing another gauge symmetry which governs another isometry in the second direction.
We also introduce the complex twisted linear superfield. Instead of the N = (4, 4) superfields, we
construct the system in the N = (2, 2) superfield formalism. Here we focus on SU(2) R-symmetry
which constrains the system. In the end of this section, we prepare the Lagrangian described by
the component fields. In section 4, we investigate the IR effective theory of the semi-doubled GLSM
obtained in section 3. In this section, we will reconstruct various NLSMs whose target spaces are five-
branes of codimension two, and will conclude that the dualization procedure in section 2 is applicable
in the IR sigma models. In section 5, we first perform the dualization procedure and obtain various
standard GLSMs. We investigate their IR limit and find the NLSMs which have been derived in section
4. Then we conclude that the dualization procedure in terms of the complex twisted linear superfield
are applicable at the UV level, as well as at the IR level. In section 6, we study non-perturbative
quantum corrections in gauge theories at the UV level. After we discuss the Abrikosov-Nielsen-Olesen
(ANO) vortex corrections, we find that they are mapped to the worldsheet instanton corrections to
the background configurations of the defect five-branes. This analysis confirms the investigation in
the framework of DFT in [41]. Section 7 is devoted to the conclusion and discussions. In appendix A,
we introduce two-dimensional N = (2, 2) superfields and their component fields. In appendix B, we
discuss the feature of one-forms and their polarizations which play a significant role in the background
configurations of five-branes.
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2 Double dualization of twisted chiral
In this section, we begin by a Lagrangian in which a twisted chiral superfield Θ is topologically
coupled to gauge field strengths discussed in section 1:
LΘ = −
∫
d4θ
1
g2
|Θ|2 −
{√
2
∫
d2θ˜Θ
(
Σ + iΣ̂
)
+ (h.c.)
}
=
∫
d4θ
{
− 1
g2
|Θ|2 − 2(Θ + Θ)V − 2i(Θ−Θ)V̂ }
+
√
2 mn∂m
(
ϑAn
)
+
√
2 mn∂m
(
r3Ân
)
. (2.1)
Notice that the total derivative terms appear when we rewrite twisted superpotential terms to D-
terms. The component fields ϑ and r3 come from the twisted chiral superfield Θ, while Am and
Âm are involved in the Abelian vector superfields V and V̂ , respectively. 
mn is the Levi-Civita
antisymmetric symbol in two-dimensional spacetime, whose normalization is 01 = +1 = −10 and
01 = −1 = −10. For later convenience, we explicitly express the expansion (for details, see appendix
A):
Θ =
1√
2
(r3 + iϑ) + i
√
2 θ+χ˜+ − i
√
2 θ−χ˜− + 2i θ+θ−G˜ + . . . , (2.2a)
Σ = σ + i
√
2 θ+λ+ − i
√
2 θ−λ− −
√
2 θ+θ−(DV − iF01) + . . . , (2.2b)
Σ̂ = σ̂ + i
√
2 θ+λ̂+ − i
√
2 θ−λ̂− −
√
2 θ+θ−(D̂V − iF̂01) + . . . , (2.2c)
where Fmn = ∂mAn − ∂nAm and F̂mn = ∂mÂn − ∂nÂm. We have already applied the Wess-Zumino
gauge. The term . . . in each expansion represents derivative terms described in appendix A.
2.1 Dual Lagrangian
Since we would like to study various theories related via dualities, we study a dual description of
(2.1) by introducing a new Lagrangian
L
RL˜
=
∫
d4θ
{
− 1
g2
|R|2 − 2(R+R)V − 2i(R−R)V̂ −RL˜−RL˜}
+
√
2 mn∂m
(
ϑAn
)
+
√
2 mn∂m
(
r3Ân
)
, (2.3)
where R is an unconstrained complex superfield, and L˜ is a complex twisted linear superfield whose
definition is 0 = D+D−L˜. The Lagrangian (2.3) can be interpreted as a generating functional which
provides the original Lagrangian (2.1) and a new one in the following way:
• Integrating out L˜ in (2.3), we find a constraint on R. This indicates that the R is reduced to a
twisted chiral:
0 = D+R = D−R , ∴ R = twisted chiral Θ . (2.4)
Substituting (2.4) into (2.3), we easily obtain the original Lagrangian (2.1).
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• Integrating out R, we obtain another solution of R:
0 = − 1
g2
R− 2(V + iV̂ )− L˜ , ∴ − 1
g2
R = L˜+ 2(V + iV̂ ) . (2.5)
Substituting this into (2.3), we obtain a new Lagrangian
L
L˜V
= g2
∫
d4θ
∣∣∣L˜+ 2(V + iV̂ )∣∣∣2 +√2 mn∂m(ϑAn)+√2 mn∂m(r3Ân) . (2.6)
The above analysis is well known when duality transformations between (ir)reducible superfields are
discussed [42, 43] and [44, 45, 46].
We should emphasize that the Lagrangian (2.6) has not yet fixed as a dual Lagrangian of the
original one (2.1), because (2.6) is given by the reducible superfield L˜. Indeed, (2.6) carries many
redundant degrees of freedom. Choosing appropriate fields, we can obtain a correct dual Lagrangian,
or we can realize the original Lagrangian itself. In order to understand this statement, we carefully
investigate the new Lagrangian (2.6). It might be better to describe a complex twisted linear superfield
L˜ in terms of other irreducible ones, because L˜ is equivalent to the sum of a chiral X, an anti-chiral
W and a twisted chiral Y , i.e., L˜ = X +W + Y (see, appendix A). Then (2.6) is rewritten as
L
L˜V
= g2
∫
d4θ
∣∣∣(X +W + Y ) + 2(V + iV̂ )∣∣∣2 +√2 mn∂m(ϑAn)+√2 mn∂m(r3Ân) . (2.7)
In order to study this Lagrangian, we expand the superfields in the following way:
X =
1√
2
(φX,R + iφX,I) + i
√
2 θ+ψX+ + i
√
2 θ−ψX− + 2i θ+θ−FX + . . . , (2.8a)
W =
1√
2
(φW,R − iφW,I) + i
√
2 θ+ψW+ + i
√
2 θ−ψW− + 2i θ+θ−FW + . . . , (2.8b)
Y =
1√
2
(σY,R + iσY,I) + i
√
2 θ+χ˜Y+ − i
√
2 θ−χ˜Y− + 2i θ+θ−G˜Y + . . . . (2.8c)
Due to the linear combinations X +W and V + iV̂ , the derivatives ∂mφX,I and ∂mφW,I are promoted
to the covariant derivatives involving the gauge potential Am in such a way that
DmφX,I = ∂mφX,I −
√
2Am , DmφW,I = ∂mφW,I −
√
2Am . (2.9)
In the same way, the derivatives ∂mφX,R and ∂mφW,R are also promoted to the covariant derivatives:
DmφX,R = ∂mφX,R +
√
2Âm , DmφW,R = ∂mφW,R −
√
2Âm . (2.10)
Furthermore, these covariant derivatives appear as linear combinationsDmφW,I+DmφX,I andDmφW,R−
DmφX,R. We again perform the field redefinition:
2ϕI± := φW,I ± φX,I ,
 DmφW,I +DmφX,I = 2DmϕI+ ,DmφW,I −DmφX,I = 2∂mϕI− , (2.11a)
2ϕR± := φW,R ± φX,R ,
 DmφW,R −DmφX,R = 2DmϕR− ,DmφW,R +DmφX,R = 2∂mϕR+ . (2.11b)
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By using the above expressions, we write down the Lagrangian (2.7) in terms of the component fields:
L
L˜V
= −g2
{
(∂mϕR+)
2 + (∂mϕI−)2 + (DmϕR−)2 + (DmϕI+)2
}
+
g2
2
{
(∂mσY,R)
2 + (∂mσY,I)
2
}
+ g2mn(∂mσY,R)(DnϕR−)− g2mn(∂mσY,I)(DnϕI+)
−
√
2 g2DV
(
2ϕR+ + σY,R
)−√2 g2D̂V (2ϕI− + σY,I)
+ g2|FX |2 + g2|FW |2 − g2
∣∣G˜Y − i√2 (σ − iσ̂)∣∣2 − 2g2|σ + iσ̂|2
+ ig2 ψX−∂+ψX− + ig2 ψW+∂−ψW+
+
ig2
2
(ψX+ + χ˜Y+)∂−(ψX+ − χ˜Y+) + ig
2
2
(ψX+ + χ˜Y+)∂−(ψX+ − χ˜Y+)
+
ig2
2
(ψW− − χ˜Y−)∂+(ψW− + χ˜Y−) + ig
2
2
(ψW− − χ˜Y−)∂+(ψW− + χ˜Y−)
+
√
2 g2 ψX−(λ+ − iλ̂+)−
√
2 g2 ψX−(λ+ + iλ̂+)
−
√
2 g2 ψW+(λ− + iλ̂−) +
√
2 g2 ψW+(λ− − iλ̂−)
−
√
2 g2(ψX+ + χ˜Y+)(λ− − iλ̂−) +
√
2 g2(ψX+ + χ˜Y+)(λ− + iλ̂−)
−
√
2 g2(ψW− − χ˜Y−)(λ+ − iλ̂+) +
√
2 g2(ψW− − χ˜Y−)(λ+ + iλ̂+)
+
√
2 mn∂m
(
ϑAn
)
+
√
2 mn∂m
(
r3Ân
)
. (2.12)
2.2 Dualization procedure
As mentioned before, the Lagrangian (2.12) carries many redundant degrees of freedom compared
with the original one (2.1). In order to reduce them, we consider the duality relation among component
fields. Previously, we have found two expressions of the superfield R as in (2.4) and (2.5). Connecting
these two, we obtain the duality relation
− 1
g2
Θ
.
= L˜+ 2(V + iV̂ ) . (2.13)
Here the symbol
.
= means that it specifies the duality transformation rule. Hence, it turns out that
the duality relations among component fields can be understood. The relations among bosonic fields
are
1
g2
r3
.
= −2ϕR+ − σY,R , 1
g2
ϑ
.
= −2ϕI− + σY,I , (2.14a)
1
g2
∂mr
3 .= +2mnD
nϕR− + ∂mσY,R ,
1
g2
∂mϑ
.
= +2mnD
nϕI+ − ∂mσY,I , (2.14b)
0
.
= FX , 0
.
= FW , (2.14c)
0
.
= G˜Y + i
√
2 (σ + iσ̂) ,
1
g2
G˜
.
= i
√
2 (σ + iσ̂) . (2.14d)
The relations among fermionic fields are
χ˜−
.
= +g2ψX− , χ˜+
.
= −g2ψW+ , (2.15a)
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∂+χ˜−
.
= −g2
{
∂+ψX− + 2i
√
2 (λ+,1 + iλ+,2)
}
, ∂−χ˜+
.
= +g2
{
∂−ψW+ + 2i
√
2 (λ−,1 + iλ−,2)
}
,
(2.15b)
0
.
= ψX+ + χ˜Y+ , 0
.
= ψW− − χ˜Y− , (2.15c)
0
.
= ∂−(ψX+ − χ˜Y+)− 2i
√
2 (λ−,1 + iλ−,2) , 0
.
= ∂+(ψX+ + χ˜Y−)− 2i
√
2 (λ+,1 + iλ+,2) .
(2.15d)
We should have comments on the duality relation between superfields (2.13) and those among com-
ponent fields (2.14) and (2.15). The relations among non-derivative terms describe equivalence, while
equivalence is not applied to derivative terms. This is because the signature of derivative ∂− in the
left-hand side of (2.13) is twisted compare with the right-hand side. Indeed, the Levi-Civita anti-
symmetric symbol mn appears in the bosonic relations (2.14a) and (2.14b). This originates from the
twisting of the signature in front of the derivatives. The symbol plays a essential role in dualization
in the component field framework.
We discuss the relations among various fields more carefully. Since the derivative of the scalar field
ϕR− has the antisymmetric symbol mn, we understand that ϕR− is dual to the original field r3. In the
same way, the field ϕI+ is dual to ϑ. We also notice that ϕR+ and σY,R might equally contribute to the
original field r3. However, σY,R has a negative norm in (2.12). Then we regard this as an unphysical
field which should be integrated out from the Lagrangian. The role of σY,I is the same as σY,R. After
the integration, the duality relation between the original and dual fields would be complemented. The
fermionic fields should be treated in the same way as their bosonic supersymmetric partners. We
summarize the relations among bosonic fields in Table 1.
Θ L˜ = X +W + Y
original equivalent dual unphysical
r3 ϕR+ ϕR− σY,R
ϑ ϕI− ϕI+ σY,I
Table 1: The duality relations between bosonic fields in Θ and L˜ in (2.14). We ignore auxiliary fields which are not so
significant.
Now we apply the dualization procedure to the Lagrangian (2.12). Unfortunately, in the previous
work [46], the method has not been established. But in the current analysis, we propose the following
procedure:
1. By using (2.14a), remove ϕR+ and ϕI− from the Lagrangian (2.12).
2. Integrate out σY,R and σY,I.
3-(i). Integrate out r3 (or ϕR−) if the Lagrangian of ϕR− (or r3) would like to be obtained.
3-(ii). Integrate out ϑ (or ϕI+) if the Lagrangian of ϕI+ (or ϑ) would like to be obtained.
This is simple and quite natural. Actually the relations between derivative terms (2.14b) themselves
are not explicitly utilized, while similar forms will be obtained. In order to confirm that this procedure
really works, let us demonstrate this dualization procedure.
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2.3 Demonstration
To simplify the discussion, we decompose the Lagrangian (2.12) in the following way:
L
L˜V
:= LR +LI +LO , (2.16a)
LR := −g2
{
(∂mϕR+)
2 + (DmϕR−)2
}
+
g2
2
(∂mσY,R)
2 + g2mn(∂mσY,R)(DnϕR−)
−
√
2 g2DV
(
2ϕR+ + σY,R
)
+
√
2 mn∂m
(
r3Ân
)
, (2.16b)
LI := −g2
{
(∂mϕI−)2 + (DmϕI+)2
}
+
g2
2
(∂mσY,I)
2 − g2mn(∂mσY,I)(DnϕI+)
−
√
2 g2D̂V
(
2ϕI− + σY,I
)
+
√
2 mn∂m
(
ϑAn
)
, (2.16c)
LO := (other terms) . (2.16d)
Let us demonstrate the dualization procedure.
1. Remove ϕR+ and ϕI−:
By using (2.14a), we first remove the equivalent fields ϕR+ and ϕI−. The Lagrangians (2.16b)
and (2.16c) are rewritten as
LR = − 1
4g2
(∂mr
3)2 − g2(DmϕR−)2 +
√
2DV r
3 +
√
2 mn∂m
(
r3Ân
)
+
g2
4
(∂mσY,R)
2 − 1
2
(∂mr
3)(∂mσY,R) + g
2mn(∂mσY,R)(DnϕR−) , (2.17a)
LI = − 1
4g2
(∂mϑ)
2 − g2(DmϕI+)2 −
√
2 D̂V ϑ+
√
2 mn∂m
(
ϑAn
)
+
g2
4
(∂mσY,I)
2 +
1
2
(∂mϑ)(∂
mσY,I)− g2mn(∂mσY,I)(DnϕI+) . (2.17b)
2. Integrate out σY,R and σY,I:
Next, we solve the equation of motion for σY,R in (2.17a):
0 = ∂m
{
− g
2
2
(∂mσY,R) +
1
2
∂mr
3 − g2mn(DnϕR−)
}
, (2.18a)
∴ ∂mσY,R =
1
g2
∂mr
3 − 2mn(DnϕR−) + ∂namn . (2.18b)
Here amn is an arbitrary antisymmetric tensor. Substituting this solution into (2.17a), we obtain
LR = − 1
2g2
(∂mr
3)2 + mn(∂mr
3)(DnϕR−) +
√
2DV r
3 +
√
2 mn∂m
(
r3Ân
)
, (2.19)
where we simply set amn to zero.
Analogously, we integrate out σY,I from (2.17b). The result is
LI = − 1
2g2
(∂mϑ)
2 + mn(∂mϑ)(DnϕI+)−
√
2 D̂V ϑ+
√
2 mn∂m
(
ϑAn
)
. (2.20)
The expressions of (2.19) and (2.20) are quite simple to explore the duality relation. In the final
step, we derive the original Lagrangians and the dual ones.
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3-(i). Dualize original r3 or dual ϕR−:
We focus on (2.19) and first integrate out the field ϕR−. The equation of motion is
0 = ∂n
{
− mn(∂mr3)
}
, (2.21)
whose solution is trivial. Then the Lagrangian under this equation is reduced to
LR
∣∣
(2.21)
= − 1
2g2
(∂mr
3)2 +
√
2DV r
3 +
√
2 r3F̂01 . (2.22)
This is nothing but the original Lagrangian for r3 derived from (2.1).
On the other hand, we study the equation of motion for r3 in (2.19):
0 =
√
2DV − ∂m
{
− 1
g2
∂mr
3 + mn(D
nϕR−)
}
. (2.23a)
Its formal solution is
1
g2
(∂mr3) = mn(DnϕR−)−
√
2Am − ∂nbmn , Am :=
∫
dxmDV . (2.23b)
Here bmn is an arbitrary antisymmetric tensor. This is genuinely the duality relation between r3
and ϕR−, rather than that in (2.14b). Substituting this into the Lagrangian (2.19), we obtain
LR
∣∣
(2.23)
= −g
2
2
(DmϕR−)2 +
√
2DV r˚
3 +
√
2 mn∂m
(˚
r3Ân
)− g2AmAm . (2.24)
Here the symbol r˚3 implies that the field r3 is governed by the equation of motion (2.23).
Without loss of generality, we can set the tensor bmn to zero. Compared with (2.22), this model
is genuinely dual, because the coupling constant g2 appears inversely. This phenomenon can be
seen in the developed dualization procedure [42, 43] and a kind of its applications [31]. In this
dualization procedure, ϑ is not related to this Lagrangian at all. This indicates that we can
perform the duality transformation of r3 and ϑ separately.
3-(ii). Dualize original ϑ or dual ϕI+:
Independent of r3 and ϕR−, we discuss the duality relation between ϑ and ϕI+. The technique
itself is completely parallel to the previous discussion. First, we construct the Lagrangian for ϑ
by integrating out ϕI+ from (2.20). The equation of motion for ϕI+ is trivial:
0 = ∂n
{
mn(∂
mϑ)
}
. (2.25)
Substituting this into (2.20), we obtain the original Lagrangian for ϑ derived from (2.1):
LI
∣∣
(2.25)
= − 1
2g2
(∂mϑ)
2 −
√
2 D̂V ϑ+
√
2ϑF01 . (2.26)
On the other hand, we study the equation of motion for ϑ in (2.20)
0 = −
√
2 D̂V − ∂m
{
− 1
g2
(∂mϑ) + mn(D
nϕI+)
}
, (2.27a)
11
whose formal solution is
1
g2
(∂mϑ) = mn(DnϕI+) +
√
2 Âm − ∂ncmn , Âm :=
∫
dxm D̂V , (2.27b)
where cmn is an arbitrary antisymmetric tensor. This is nothing but the duality relation between
ϑ and ϕI+. This is different from (2.14b). Substituting this into (2.20), we obtain the dual
Lagrangian
LI
∣∣
(2.27)
= −g
2
2
(DmϕI+)
2 −
√
2 D̂V ϑ˚+
√
2 mn∂m
(
ϑ˚An
)− g2ÂmÂm . (2.28)
Here ϑ˚ is the original field ϑ governed by the equation of motion (2.27). We have also set the
function cmn to zero, for simplicity. Applying the same analysis in the previous case, we conclude
that the Lagrangian (2.28) is dual to the original one (2.26).
Now we understood that the superfield formulation (2.7) and the duality relation (2.13), or the
component field formulation (2.12), (2.14) and (2.15) are quite powerful to analyze the duality relation
explicitly. Indeed, we can simultaneously perform dualization both the real and imaginary part of the
original twisted chiral Θ. We refer to this as the “double dualization”. The reduced forms (2.19)
and (2.20) contain both the original and dual fields, though only the original fields possess the kinetic
terms. As proposed in [46], we call these forms as the “semi-doubled” Lagrangians.
3 Semi-doubled GLSM
In this section, we propose a semi-doubled GLSM for five-branes of codimension two. This is an
extension of the N = (4, 4) GLSM for H-monopoles provided by Tong [31] and developed by Harvey
and Jensen [13], Okuyama [32]. We will read off, from the prototypical example of GLSM proposed
by Tong, how isometry of the background configuration is generated, and how T-duality is realized
by using two-dimensional gauge theory. We have three reasons why we study and develop this gauge
theory:
(i) The GLSM by Tong represents the background geometry of multiple H-monopoles in the IR limit.
An H-monopole is nothing but an NS5-brane of codimension three, i.e., one of the four transverse
directions of the NS5-brane is compactified and smeared. The remaining three directions are
governed by SU(2) R-symmetry.
(ii) This model has a duality transformation at the UV level which captures T-duality transformation
at the IR level. Then the KK-monopole, whose geometry is described as the Taub-NUT space,
is successfully obtained.
(iii) The ANO vortex corrections, a kind of non-perturbative quantum corrections to gauge theory at
the UV level, describe the worldsheet instanton corrections in the NLSM at the IR level. Indeed,
this corrections can be interpreted as the string KK-modes or winding mode corrections to the
background geometry.
We first briefly study the field contents and SU(2) R-symmetry. Next, we develop this model to
our semi-doubled GLSM for five-branes of codimension two. For later convenience, we often refer to
12
such branes as “defect” five-branes [47]. There we study how the field contents are extended and how
the SU(2) R-symmetry is modified. In this section we focus only on the structure of the semi-doubled
GLSM. The discussion of the IR effective theory of the semi-doubled GLSM will be shown in section
4. The duality transformations at the IR level will be discussed also in section 4, and those at the
UV level will be in section 5. The ANO vortex corrections will be discussed in section 6. Throughout
these sections, we will find an alternative construction of the gauge theory for exotic 522-brane and
its corrections discussed in [33, 14, 37]. Furthermore, we will understand that our new model in this
paper is much more natural to consider the background geometries of defect five-branes, and simple
to study further analyses such as path integral evaluations, analogous to [48].
3.1 GLSM for H-monopole: NS5-brane of codimension three
In [31], the author successfully described the GLSM for H-monopoles and its T-dual system, i.e.,
a multi-centered Taub-NUT space, by using SU(2) R-symmetry in N = (4, 4) supersymmetry. The
detail of the construction can be seen in appendix of [31]. Here we exhibit the Lagrangian which
contains three constituents:
L = L gauge +L CHM +L NHM , (3.1a)
L gauge =
∫
d4θ
k∑
a=1
1
e2a
{
− |Σa|2 + |Φa|2
}
, (3.1b)
L CHM =
∫
d4θ
∑
a
{
|Qa|2 e+2Va + |Q˜a|2 e−2Va
}
−
{√
2
∫
d2θ
∑
a
Q˜aΦaQa + (h.c.)
}
, (3.1c)
L NHM =
1
g2
∫
d4θ
{
− |Θ|2 + |Ψ|2
}
+
∑
a
{√
2
∫
d2θ˜ (ta −Θ)Σa +
√
2
∫
d2θ (sa −Ψ)Φa + (h.c.)
}
. (3.1d)
We note that all of the field contents are given in terms of N = (2, 2) superfields with SU(2) R-
symmetry. First, (Va,Φa) are N = (4, 4) U(1)k gauge multiplets with gauge coupling constants ea of
mass dimension one. In particular, we often use Σa =
1√
2
D+D−Va. Their component fields are rep-
resented as Σa(σa, λ+,a, λ−,a, Am,a,DV,a) and Φa(φa, λ˜±,a,FΦ,a). Roughly speaking, each U(1) gauge
symmetry describes a (gauged) isometry along one of the four transverse directions (i.e., ϑ in Θ)
of each five-brane. Second, (Qa, Q˜a) are k charged hypermultiplets coupled to (Va,Φa). The com-
ponent fields are given as Qa(qa, ψ±,q,a,Fq,a) and Q˜a(q˜a, ψ˜±,q,a, F˜q,a). On a supersymmetric vacuum,
they make the target space geometry be curved. Third, (Ψ,Θ) is a neutral hypermultiplet which de-
scribes the four transverse directions of the five-branes. Their field contents are Ψ( r
1+ir2√
2
, χ±,F) and
Θ( r
3+iϑ√
2
, χ˜+, χ˜−,G). This multiplet carries the sigma model coupling constant g which controls the
asymptotic radius of the isometry direction ϑ, and k Fayet-Iliopoulos (FI) parameters sa =
1√
2
(s1a+is
2
a)
and ta =
1√
2
(t3a + it
4
a) which represent the positions of k five-branes in the transverse space.
Here we mention SU(2) R-symmetry which assigns N = (4, 4) supersymmetry. Strictly speaking,
there exists three SU(2) R-symmetries in the system, i.e., SO(4) × SU(2)R ' SU(2)1 × SU(2)2 ×
SU(2)R R-symmetries (for details, see [31, 13, 48]). The component fields are assigned as appropriate
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representations under these symmetries in such a way that
gauge multiplet (Va,Φa)

(σa, φa) : (2,2,1)
Am,a : (1,1,1)
(λ±,a, λ˜±,a) : (2,1,2)− ⊕ (1,2,2)+
charged hypermultiplet (Qa, Q˜a)
{
(qa, q˜a) : (1,1,2)
(ψ±,q,a, ψ˜±,q,a) : (1,2,1)− ⊕ (2,1,1)+
neutral hypermultiplet (Ψ,Θ)

(r1, r2, r3) : (1,1,3)
ϑ : (1,1,1)
(χ±, χ˜±) : (1,2,2)− ⊕ (2,1,2)+
Fayet-Iliopoulos parameters (sa, ta)
{
(s1a, s
2
a, t
3
a) : (1,1,3)
t4a : (1,1,1)
(3.2)
Here, the subscripts ± imply the chirality of the fermionic fields. Unfortunately, these SU(2) R-
symmetries are not so explicitly expressed in the above formulation because we describe the system
in terms of the N = (2, 2) superfields, rather than N = (4, 4) superfields. In the GLSM system by
Tong, and in our model which will be introduced in next subsection, the third SU(2)R symmetry is
the most important in the following viewpoint: We choose ϑ as a special field coupled to the gauge
field strength F01,a as mentioned in section 1. The remaining three fields (r
1, r2, r3) are organized
into an SU(2) triplet, which defines the SU(2)R symmetry. If we choose another field as the special
direction coupled to the gauge field, the other three fields are subject to the SU(2)R symmetry.
3.2 Semi-doubled GLSM for five-branes of codimension two
Now, we are ready to propose a new model which will genuinely describes the configurations of
five-branes of codimension two (or defect five-branes, for short), which means two of the four transverse
directions of the five-branes are compactified and smeared. In the previous discussion we mentioned
that the GLSM by Tong describes the codimension three configuration. The one smeared direction is
given by an imaginary part ϑ of the twisted chiral Θ, which is topologically coupled to U(1)k gauge
field strengths
∑
a F01,a.
Here we deform the configuration along the real part r3 of Θ, which is coupled to another set of
U(1) gauge field strengths
∑
a′ F̂01,a′ , as shown in (1.4). They are involved in U(1)
` gauge multiplets
(Σ̂a′ , Φ̂a′). Simultaneously, we also introduce another set of charged hypermultiplets (Pa′ , P˜a′) and FI
parameters ŝa′ =
1√
2
(ŝ1a′ + iŝ
2
a′), t̂a′ =
1√
2
(t̂3a′ + it̂
4
a′) in the following form
2:
L = L gauge +L CHM +L NHM , (3.3a)
L gauge =
∫
d4θ
k∑
a=1
1
e2a
{
− |Σa|2 + |Φa|2
}
+
∫
d4θ
∑`
a′=1
1
ê2a′
{
− |Σ̂a′ |2 + |Φ̂a′ |2
}
, (3.3b)
2The component fields of the new gauge multiplets are assigned as Σ̂a′(σ̂a′ , λ̂+,a′ , λ̂−,a′ , Âm,a′ , D̂V,a′) and
Φ̂a′(φ̂a′ ,
̂˜
λ±,a′ , F̂Φ,a′). In the same way, the component fields of the new charged hypermultiplets are assigned as
Pa′(pa′ , ψ±,p,a′ ,Fp,a′) and P˜a′(p˜a′ , ψ˜±,p,a′ , F˜p,a′).
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L CHM =
∫
d4θ
∑
a
{
|Qa|2 e+2Va + |Q˜a|2 e−2Va
}
−
{√
2
∫
d2θ
∑
a
Q˜aΦaQa + (h.c.)
}
+
∫
d4θ
∑
a′
{
|Pa′ |2 e+2V̂a′ + |P˜a′ |2 e−2V̂a′
}
−
{√
2
∫
d2θ
∑
a′
P˜a′Φ̂a′Pa′ + (h.c.)
}
, (3.3c)
L NHM =
1
g2
∫
d4θ
{
− |Θ|2 + |Ψ|2
}
+
∑
a
{√
2
∫
d2θ˜ (ta −Θ)Σa +
√
2
∫
d2θ (sa −Ψ)Φa + (h.c.)
}
+
∑
a′
{
i
√
2
∫
d2θ˜ (t̂a′ −Θ)Σ̂a′ + i
√
2
∫
d2θ (ŝa′ −Ψ)Φ̂a′ + (h.c.)
}
. (3.3d)
In order to obtain various five-brane configurations under duality transformations, we promote the
sector L NHM (3.3d) containing twisted chiral superfield Θ to that of the complex twisted linear
superfield L˜, as discussed in section 2:
L NHM =
∫
d4θ
{
g2
∣∣∣L˜+ 2(∑
a
Va + i
∑
a′
V̂a′)
∣∣∣2 + 1
g2
|Ψ|2
}
+
∑
a
√
2 mn∂m(ϑAn,a) +
∑
a
√
2 mn∂m(r
3Ân,a′)
+
∑
a
{√
2
∫
d2θ˜ ta Σa +
√
2
∫
d2θ (sa −Ψ)Φa + (h.c.)
}
+
∑
a′
{
i
√
2
∫
d2θ˜ t̂a′ Σ̂a′ + i
√
2
∫
d2θ (ŝa′ −Ψ)Φ̂a′ + (h.c.)
}
. (3.3e)
Since we describe the two smeared directions as on equal footing, this system is symmetric under
the exchange (Σa,Φa;Qa, Q˜a; sa, ta) for (Σ̂a′ , Φ̂a′ ;Pa′ , P˜a′ ; ŝa′ , t̂a′). Due to the coexistence of these two,
this system “approximately” possesses not only the previous SO(4)×SU(2)R symmetries in (3.2), but
also another type of SU(2) R-symmetries SO(4)× ŜU(2)R ' SU(2)1 × SU(2)2 × ŜU(2)R assigned in
(3.4), where the SO(4) ' SU(2)1 × SU(2)2 part is common:
gauge multiplet (V̂a′ , Φ̂a′)

(σ̂a′ , φ̂a′) : (2,2,1)
Âm,a′ : (1,1,1)
(λ̂±,a′ ,
˜̂
λ±,a′) : (2,1,2)− ⊕ (1,2,2)+
charged hypermultiplet (Pa′ , P˜a′)
{
(pa′ , p˜a′) : (1,1,2)
(ψ±,p,a′ , ψ˜±,p,a′) : (1,2,1)− ⊕ (2,1,1)+
neutral hypermultiplet (Ψ,Θ)

(r1, r2, ϑ) : (1,1,3)
r3 : (1,1,1)
(χ±, χ˜±) : (1,2,2)− ⊕ (2,1,2)+
Fayet-Iliopoulos parameters (ŝa′ , t̂a′)
{
(ŝ1a′ , ŝ
2
a′ , t̂
4
a′) : (1,1,3)
t̂3a′ : (1,1,1)
(3.4)
Strictly speaking, (3.2) and (3.4) are not satisfied simultaneously. This means that the SU(2) rota-
tional symmetry among (r1, r2, r3) conflicts with the ŜU(2) rotational symmetry among (r1, r2, ϑ).
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Then the original SU(2)R and the additional ŜU(2)R symmetries are broken. N = (4, 4) supersym-
metry is also broken to N = (2, 2). However, if the U(1)` gauge coupling constants êa′ are zero, the
gauge multiplets (Σ̂a′ , Φ̂a′) disappear and the charged hypermultiplets (Pa′ , P˜a′) are decoupled from
the system. In this reduction the system goes back to the system by Tong and the SU(2)R symmetry is
restored. Analogously, in the vanishing ea case, (Σa,Φa) and (Qa, Q˜a) are decoupled from the system,
and the ŜU(2)R symmetry is restored. Because of this phenomenon, we interpret that the system
(3.3) “approximately” possesses both (3.2) and (3.4).
In later discussions, we will explore supersymmetric vacua and construct a low energy effective
theory, and we will obtain two one-form fields living in the target space, named Ωa = Ωi,adr
i and
Ω̂a′ = Ω̂j′,a′dr
j′ . The former originates from the integration of the charged hypermultiplets (Qa, Q˜a),
the latter from (Pa′ , P˜a′). In the original Lagrangian (3.3), each of Ωa and Ω̂a′ will be polarized along a
certain direction (see appendix B), which is not appropriate to analyze the background configuration.
Then, for later discussions, we perform the following SU(2)R× ŜU(2)R rotation to change the system
(3.3) to a suitable configuration:
SU(2)R :
 r1 − s1ar2 − s2a
r3 − t3a
 →
 r1 − s1a−r3 + t3a
r2 − s2a
 =
 1 −1
1
 r1 − s1ar2 − s2a
r3 − t3a
 , (3.5a)
ŜU(2)R :
 r1 − ŝ1a′r2 − ŝ2a′
ϑ− t̂4a′
 →
 r1 − ŝ1a′ϑ− t̂4a′
−r2 + ŝ2a′
 =
 1 1
−1
 r1 − ŝ1a′r2 − ŝ2a′
ϑ− t̂4a′
 . (3.5b)
Under this transformation, all the antisymmetric terms derived from (3.3e) are invariant. Each kinetic
term (∂mr
i)2 is rotated, but the whole is invariant. We then obtain the following form:
L =
k∑
a=1
1
2e2a
(F01,a)
2 +
∑`
a′=1
1
2ê2a′
(F̂01,a′)
2
−
∑
a
1
e2a
{
|∂mφa|2 + |∂mσa|2
}
−
∑
a′
1
ê2a′
{
|∂mφ̂a′ |2 + |∂mσ̂a′ |2
}
−
∑
a
2
(|qa|2 + |q˜a|2)(|φa|2 + |σa|2)−∑
a′
2
(|pa′ |2 + |p˜a′ |2)(|φ̂a′ |2 + |σ̂a′ |2)
− 2g2
∣∣∣∑
a
φa + i
∑
a′
φ̂a′
∣∣∣2 − 2g2∣∣∣∑
a
σa + i
∑
a′
σ̂a′
∣∣∣2
−
∑
a
{
|Dmqa|2 + |Dmq˜a|2
}
−
∑
a′
{
|Dmpa′ |2 + |Dmp˜a′ |2
}
− 1
2g2
{
(∂mr
1)2 + (∂mr
2)2 + (∂mr
3)2 + (∂mϑ)
2
}
+ mn(∂mr
3)(DnϕR−) + mn(∂mϑ)(DnϕI+)
+
∑
a
√
2 mn∂m
(
(ϑ− t4a)An,a
)
+
∑
a′
√
2 mn∂m
(
(r3 − t̂3a′)Ân,a′
)
−
∑
a
e2a
2
{
(|qa|2 − |q˜a|2)−
√
2 (r2 − s2a)
}2 −∑
a
e2a
∣∣∣√2 qaq˜a + ((r1 − s1a)− i(r3 − t3a))∣∣∣2
−
∑
a′
ê2a′
2
{
(|pa′ |2 − |p˜a′ |2)−
√
2 (r2 − ŝ2a′)
}2 −∑
a′
ê2a′
∣∣∣√2 pa′ p˜a′ + i((r1 − ŝ1a′) + i(ϑ− t̂4a′))∣∣∣2
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+ (fermionic terms) . (3.6)
We emphasize that the scalar potentials are different from those in (3.3), because we changed the
system by using the SU(2)R×ŜU(2)R rotation. However, this is merely a technical issue. As mentioned
in next section, this does not change physics. This rotation is convenient to analyze the effective theory.
From now on, we study the new system (3.6) which approximately possesses (3.2) and (3.4).
Before going to next sections, we have comments on the description of the system (3.6). In the
twisted linear sector (3.3e), we first replaced L˜ with X +W + Y as discussed in (2.7), and integrated
out the unphysical fields σY,R and σY,I. The charged scalar fields (qa, q˜a) and (pa′ , p˜a′), and the dual
scalar fields (ϕR−, ϕI+) are governed by the following gauge covariant derivatives:
Dmqa = ∂mqa − iAm,a qa , Dmq˜a = ∂mq˜a + iAm,a q˜a , (3.7a)
Dmpa′ = ∂mpa′ − iÂm,a′ , Dmp˜a′ = ∂mp˜a′ + iÂm,a′ , (3.7b)
DmϕR− = ∂mϕR− −
√
2
∑
a′
Âm,a′ , DmϕI+ = ∂mϕI+ −
√
2
∑
a
Am,a . (3.7c)
We mention our direction in later sections. In section 4, we will first take the IR limit of (3.6) and
analyze the effective theory, called the semi-doubled NLSM. Second, we will integrate out some scalar
fields in L˜ = X+W+Y to obtain three standard NLSMs. Each target space represents the background
of a defect five-brane in [31, 13, 32, 33]. On the other hand, in section 5, we first integrate out the
scalar fields to reduce the semi-doubled GLSM (3.6) to three standard GLSMs given in [31, 13, 32, 33].
Next, we perform their IR limit and obtain the correct NLSMs. Summarizing these two sections, we
will find that the IR limit and the reduction are commutative to analyze the configurations of defect
five-branes. Based on this, section 6 is devoted to investigation of non-perturbative corrections of
(3.6). The corrections will correspond to stringy corrections to the above configurations. Some of
them have already discussed in [31, 13, 32, 14], and the other is discussed in [41].
4 IR effective theory of semi-doubled GLSM
In this section, we investigate the supersymmetric vacuum of the semi-doubled GLSM (3.6), and
construct its IR effective theory. In particular, we first obtain the IR theory as a semi-doubled form in
which the original scalar fields and their dual fields in L˜ = X+W +Y are involved. In the analysis, we
perform the smearing procedure that generates two isometry directions of the target space. After that
procedure, we integrate out the original or dual fields to reduce the semi-doubled theory to a standard
NLSM whose target space describes the correct background configuration of a defect five-brane.
4.1 Supersymmetry vacuum
First of all, we consider supersymmetric vacuum of the semi-doubled GLSM (3.6). The vanishing
scalar potentials give a set of algebraic equations:
0 = 2(|σa|2 + |φa|2)(|qa|2 + |q˜a|2) , 0 = 2(|σ̂a′ |2 + |φ̂a′ |2)(|pa′ |2 + |p˜a′ |2) , (4.1a)
0 =
∑
a
σa + i
∑
a′
σ̂a′ , 0 =
∑
a
φa + i
∑
a′
φ̂a′ , (4.1b)
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0 = (|qa|2 − |q˜a|2)−
√
2(r2 − s2a) , 0 =
√
2 qaq˜a +
(
(r1 − s1a)− i(r3 − t3a)
)
, (4.1c)
0 = (|pa′ |2 − |p˜a′ |2)−
√
2(r2 − ŝ2a′) , 0 =
√
2 pa′ p˜a′ −
(
(ϑ− t̂4a′)− i(r1 − ŝ1a′)
)
. (4.1d)
We can immediately find that this gives the Higgs phase assigned by the vanishing scalar fields of the
gauge multiplets: σa = 0 = φa, σ̂a′ = 0 = φ̂a′ . Furthermore, as demonstrated in [31], the vacuum
configuration of the charged scalar fields are given as
(|qa|2 + |q˜a|2)2 = (|qa|2 − |q˜a|2)2 + 4|qaq˜a|2 = 2
{
(r1 − s1a)2 + (r2 − s2a)2 + (r3 − t3a)2
}
=: 2(Ra)
2 , (4.2a)
(|pa′ |2 + |p˜a′ |2)2 = (|pa′ |2 − |p˜a′ |2)2 + 4|pa′ p˜a′ |2 = 2
{
(r1 − ŝ1a′)2 + (r2 − ŝ2a′)2 + (ϑ− t̂4a′)2
}
=: 2(R̂a′)
2 . (4.2b)
By using these two values Ra and R̂a′ , we can solve the charge scalar fields in such a way that
qa =
i
21/4
e+iαa
√
Ra + (r2 − s2a) , q˜a =
i
21/4
e−iαa
(r1 − s1a)− i(r3 − t3a)√
Ra + (r2 − s2a)
, (4.3a)
pa′ =
i
21/4
e+iα̂a′
√
R̂a′ + (r2 − ŝ2a′) , p˜a′ =
i
21/4
e−iα̂a′
−(ϑ− t̂4a′) + i(r1 − ŝ1a′)√
R̂a′ + (r2 − ŝ2a′)
, (4.3b)
where αa and α̂a′ are arbitrary phases interpreted as the gauge parameters of U(1)
k × U(1)` gauge
symmetries. Since the above configuration constrains the fluctuation modes of the charged scalar
fields, we can rewrite their kinetic terms in terms of scalar fields of the neutral hypermultiplet:
−
∑
a
{
|Dmqa|2 + |Dmq˜a|2
}
= −
∑
a
1
2
√
2Ra
{
(∂mr
1)2 + (∂mr
2)2 + (∂mr
3)2
}
−
∑
a
√
2Ra
{
∂mαa −Am,a + 1√
2
Ωi,a(∂mr
i)
}2
, (4.4a)
−
∑
a′
{
|Dmpa′ |2 + |Dmp˜a′ |2
}
= −
∑
a′
1
2
√
2R̂a′
{
(∂mr
1)2 + (∂mr
2)2 + (∂mϑ)
2
}
−
∑
a′
√
2R̂a′
{
∂mα̂a′ − Âm,a′ + 1√
2
Ω̂j′,a′(∂mr
j′)
}2
, (4.4b)
where we have introduced the following variables:
Ωi,a(∂mr
i) :=
(r1 − s1a)∂mr3 − (r3 − t3a)∂mr1√
2Ra(Ra + (r2 − s2a))
, (4.5a)
Ω̂j′,a′(∂mr
j′) :=
−(r1 − ŝ1a′)∂mϑ+ (ϑ− t̂4a′)∂mr1√
2R̂a′(R̂a′ + (r2 − ŝ2a′))
, (4.5b)
Ω1,a = − r
3 − t3a√
2Ra(Ra + (r2 − s2a))
, Ω2,a = 0 , Ω3,a = +
r1 − s1a√
2Ra(Ra + (r2 − s2a))
, (4.5c)
Ω̂1,a′ = +
ϑ− t̂4a′√
2R̂a′(R̂a′ + (r2 − ŝ2a′))
, Ω̂2,a′ = 0 , Ω̂4,a′ = −
r1 − ŝ1a′√
2R̂a′(R̂a′ + (r2 − ŝ2a′))
. (4.5d)
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We can interpret that Ωa = Ωi,adr
j of each index a is a one-form in the space (r1, r2, r3), while
Ω̂a′ = Ω̂j′,a′dr
j′ of each a′ is another one-form in the space (r1, r2, ϑ). They play a significant role
in the IR effective theory. In particular, their explicit expressions (4.5) are very important when we
discuss the smearing procedure as in [33].
Substituting the supersymmetric vacuum configuration (4.1) and the forms of the charged fields
(4.4) into the Lagrangian (3.6), we obtain the effective gauge theory
L =
∑
a
1
2e2a
(F01,a)
2 +
∑
a′
1
2ê2a′
(F̂01,a′)
2
− 1
2
H0
{
(∂mr
1)2 + (∂mr
2)2
}
− 1
2
H(∂mr
3)2 − 1
2
Ĥ(∂mϑ)
2
+ mn(∂mr
3)(DnϕR−) + mn(∂mϑ)(DnϕI+)
−
∑
a
√
2Ra
{
∂mαa −Am,a + 1√
2
Ωi,a(∂mr
i)
}2
−
∑
a′
√
2R̂a′
{
∂mα̂a′ − Âm,a′ + 1√
2
Ω̂j′,a′(∂mr
j′)
}2
+
∑
a
√
2 mn∂m
(
(ϑ− t4a)An,a
)
+
∑
a′
√
2 mn∂m
(
(r3 − t̂3a′)Ân,a′
)
, (4.6)
where we have omitted the fermionic field contents. The functions H0, H and Ĥ are defined as
H0 :=
1
g2
+
∑
a
1√
2Ra
+
∑
a′
1√
2R̂a′
, (4.7a)
H :=
1
g2
+
∑
a
1√
2Ra
, Ĥ :=
1
g2
+
∑
a′
1√
2R̂a′
. (4.7b)
Note that the pairs (Ωa, H) and (Ω̂a′ , Ĥ) satisfy the monopole equations designed as(∇×∑
a
Ωa
)
i
= ∇iH ,
(∇×∑
a′
Ω̂a′
)
j′ = ∇j′Ĥ . (4.8)
Here we have comments on the SU(2)R × ŜU(2)R rotation (3.5). The equations (4.1c) and (4.1d) are
transformed under the rotation, while the variables Ra and R̂a′ in (4.2) are invariant. Since (4.1c) and
(4.1d) are transformed, the solutions (4.3) are also transformed, hence the components of (Ωi,a, Ω̂j′,a′)
themselves are also transformed. On the other hand, the functions (H, Ĥ) are invariant, and the
monopole equations (4.8) are covariant under the rotation. Then we interpret that the algebraic
equations (4.1c) and (4.1d) represent a point on the supersymmetry vacuum manifold given by (4.2),
and the SU(2)R × ŜU(2)R rotation moves a vacuum to a different one in the same supersymmetry
vacuum manifold.
4.2 IR limit
We take the IR limit and consider the low energy effective theory. Since the gauge coupling
constants have mass dimension one, they go to infinity ea, êa′ → ∞ in the IR limit. Their kinetic
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terms are frozen out, and the gauge fields are no longer dynamical. Then we integrate them out from
the system. It is easy to solve the equations of motion:
An,a = ∂nαa +
1√
2
Ωi,a(∂nr
i)− 1
2Ra
mn(∂
mϑ) , (4.9a)
Ân,a = ∂nα̂a′ +
1√
2
Ω̂j′,a′(∂nr
j′)− 1
2R̂a′
mn(∂
mr3) . (4.9b)
Substituting them into the Lagrangian (4.6) under the IR limit, we obtain the NLSM
L IR = −1
2
H0
{
(∂mr
1)2 + (∂mr
2)2 + (∂mr
3)2 + (∂mϑ)
2
}
+ mn(∂mr
3)
{
∂nϕ˜R− − Ω̂j′(∂nrj′)
}
+ mn(∂mϑ)
{
∂nϕ˜I+ − Ωi(∂nri)
}
+
∑
a
√
2 mn∂m
(
(ϑ− t4a)A˚n,a
)
+
∑
a′
√
2 mn∂m
(
(r3 − t̂3a′)˚̂An,a′
)
, (4.10)
where A˚n,a and
˚̂
An,a′ are governed by the equations of motion (4.9). As appeared in [31], we have
used the following expressions:
Ωi :=
∑
a
Ωi,a , Ω̂j′ :=
∑
a′
Ω̂j′,a′ , (4.11a)
ϕ˜I+ := ϕI+ −
√
2
∑
a
αa , ϕ˜R− := ϕR− −
√
2
∑
a′
α̂a′ . (4.11b)
The target space of this NLSM describes the k five-branes of codimension three living in the three-
dimensional space (r1, r2, r3) and ` five-branes of codimension three in (r1, r2, ϑ). But this is not a
careful expression because there exist antisymmetric terms which represent the dual space of the two
directions (r3, ϑ). We also notice that the target space of the NLSM (4.6) has not obtained isometry
along the ϑ- and r3-directions, i.e., the function H0 and the variables (Ωi, Ω̂j′) are not invariant under
the shifts ϑ→ ϑ+ a and r3 → r3 + b, where a and b are arbitrary. In order to generate the isometry,
we perform the smearing procedure discussed in [16, 17] and realized in the NLSM framework [33].
4.3 Smearing procedure
In this subsection, we discuss the smearing procedure which generates the isometry along certain
directions in the target space of the NLSM. This procedure will be utilized in various sections.
First, for simplicity, we set the FI parameters (sia, ŝ
j
a′) to zero. We also set (t
a
a, t̂
4
a′) to the following
way:
s1a = 0 = s
2
a , t
3
a = 2piR3 a , a ∈ Z , (4.12a)
ŝ1a′ = 0 = ŝ
2
a′ , t̂
4
a′ = 2piR4 a′ , a′ ∈ Z . (4.12b)
From the geometrical viewpoint, the vanishing (sia, ŝ
j
a′) implies that two kinds of the five-branes of
codimension three are located at the origin of the two-plane (r1, r2), while k five-branes are arrayed
along the r3-directions with period 2piR3, and ` different five-branes are arrayed along the ϑ-direction
with period 2piR4, respectively. Locally, this is equivalent that the two-directions are compactified on
a two-torus with radii (R3,R4).
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Second, we take the number of the gauge symmetries k and ` to infinity. In this limit, various
functions which appeared in the previous subsection become divergent. We extract several terms
which have physical (or geometrical) meanings [16, 17, 33]:
H0 → 1
g2
+ σ3 log
Λ3
ρ
+ σ4 log
Λ4
ρ
, (4.13a)
Ω1 → 0 , Ω3 → −σ3
{
arctan
(r2
r1
)
− pi
2
}
, (4.13b)
Ω̂1 → 0 , Ω̂4 → +σ4
{
arctan
(r2
r1
)
− pi
2
}
, (4.13c)
σ3 :=
1√
2piR3
, σ4 :=
1√
2piR4
, (4.13d)
where Λ3 and Λ4 are IR cutoffs. We have introduced a new variable ρ
2 := (r1)2 +(r2)2. This measures
the distance between an arbitrary point in the two-dimensional plane (r1, r2) and the core of the
five-brane located at the origin. The detailed computation to derive the above expressions can be
seen in appendix B. Now, we emphasize the true reason why we introduced the SU(2)R × ŜU(2)R
rotation (3.5). If we did not adapt (3.5) and straightforwardly described the one-forms Ωa and Ω̂a′
from (3.3), the smearing limit corresponding to (4.13b) and (4.13c) become divergent and we lost any
physical information (again, see appendix B). This was caused by inappropriate polarizations of these
one-forms, even though they satisfy the monopole equations (4.8). In order to obtain finite values of
(Ω, Ω̂) after the smearing procedure, we have to modify the polarizations of them. Indeed, the rotation
(3.5) is the answer to keep the physical information after the smearing procedure.
Under the smearing procedure, the Lagrangian (4.10) is reduced to
L IR = −1
2
H0
{
(∂mr
1)2 + (∂mr
2)2 + (∂mr
3)2 + (∂mϑ)
2
}
+ mn(∂mr
3)(∂nϕ˜R−) + mn(∂mϑ)(∂nϕ˜I+) + mnΩ0(∂mr3)(∂nϑ)
+
∑
a
√
2 mn∂m
(
(ϑ− t4a)A˚n,a
)
+
∑
a′
√
2 mn∂m
(
(r3 − t̂3a′)˚̂An,a′
)
. (4.14)
This is the semi-doubled NLSM for defect five-branes. For convenience, we have introduced a new
expression Ω0 := Ω3 − Ω̂4. Since this is still semi-doubled, we have to further reduce this model to
standard ones. By integrating out the original or dual scalar fields, we will surely obtain the standard
NLSMs for defect five-branes.
4.4 Reduction to standard NLSMs
In order to regard various NLSMs reduced from the semi-doubled NLSM (4.14) as the string
worldsheet sigma models, we introduce the following normalization:
S =
1
2piα′
∫
d2x
√−gL , (4.15a)
L = −1
2
GMN g
mn ∂mX
M∂nX
N +
1
2
BMN ε
mn ∂mX
M∂nX
N . (4.15b)
Here α′ is the Regge slope. GMN and BMN are the metric and the NS-NS B-field in the considering
background spacetime, while gmn and εmn are two-dimensional worldsheet metric and the Levi-Civita
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antisymmetric tensor, respectively. In the flat two-dimensional case, the tensor εmn is simply given
by the antisymmetric symbol mn. X
M are scalar fields in the sigma model. They represent the
spacetime coordinates.
Now, we are ready to discuss the configurations of various defect five-branes. The final task in this
section is to derive the standard NLSM via the dualization procedure discussed in section 2.
Standard NLSM for defect NS5-brane
Let us first integrate out two scalar fields ϕ˜R− and ϕ˜I+ in the semi-doubled NLSM (4.14). They
are dual fields of the original scalars r3 and ϑ, respectively. It is easy to find that the equations of
motion are trivial:
ϕ˜R− : 0 = ∂n
{
− mn(∂mr3)
}
, ϕ˜I+ : 0 = ∂
n
{
− mn(∂mϑ)
}
. (4.16)
Substituting this result into the Lagrangian, we immediately obtain
L IRNS5 = −
1
2
H0
{
(∂mr
1)2 + (∂mr
2)2 + (∂mr
3)2 + (∂mϑ)
2
}
+ Ω0 
mn(∂mr
3)(∂nϑ)
+
∑
a
√
2 mn∂m
(
(ϑ− t4a)A˚n,a
)
+
∑
a′
√
2 mn∂m
(
(r3 − t̂3a′)˚̂An,a′
)
. (4.17)
Compared with the string sigma model (4.15), we can read off the background configuration
GMN = H0 δMN , B34 = Ω0 . (4.18)
Hence, we conclude that the NLSM (4.17) is nothing but the sigma model for a defect NS5-brane
[39, 41].
Standard NLSM for KK-vortex
Next, we integrate out the dual scalar ϕ˜R− and the original scalar ϑ. The equation of motion for
ϕ˜R− is again trivial:
0 = ∂n
{
− mn(∂mr3)
}
, (4.19a)
but that for ϑ provides a non-trivial equation:
0 = ∂m
{
H0(∂mϑ)− mn(∂nϕ˜I+) + Ω0 mn(∂nr3)
}
, (4.19b)
∴ ∂mϑ =
1
H0
mn
{
∂nϕ˜I+ − Ω0(∂nr3)
}
+
1
H0
(∂nf sdmn) . (4.19c)
Here f sdmn is an arbitrary antisymmetric tensor. Without loss of generality, we can set this to zero.
Substituting the solutions into the Lagrangian (4.14), we obtain
L IRKK = −
1
2
H0
{
(∂mr
1)2 + (∂mr
2)2 + (∂mr
3)2
}
− 1
2H0
{
∂mϕ˜I+ − Ω0(∂mr3)
}2
+
∑
a
√
2 mn∂m
(
(ϑ− t4a)A˚n,a
)
+
∑
a′
√
2 mn∂m
(
(r3 − t̂3a′)˚̂An,a′
)
. (4.20)
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This NLSM gives the background configuration of a single KK-vortex, a smeared KK-monopole [49],
or called the periodic KK-monopole [50]:
Gij = H0 δij , G33 =
K
H0
, G34 = −Ω0
H0
, G44 =
1
H0
, i, j = 1, 2 , (4.21a)
BMN = 0 , (4.21b)
K := H20 + Ω
2
0 . (4.21c)
Standard NLSM for exotic 522-brane
Finally we consider the model obtained by integrating out the original scalars r3 and ϑ. Their
equations of motion are non-trivial and give a new set of equations:
r3 : 0 = ∂m
{
H0(∂mr
3)− mn(∂nϕ˜R−)− Ω0 mn(∂nϑ)
}
, (4.22a)
→ 0 = H0(∂mr3)− mn(∂nϕ˜R−)− Ω0 mn(∂nϑ) + ∂namn , (4.22b)
ϑ : 0 = ∂m
{
H0(∂mϑ)− mn(∂nϕ˜I+) + Ω0 mn(∂nr3)
}
, (4.22c)
→ 0 = H0(∂mϑ)− mn(∂nϕ˜I+) + Ω0 mn(∂nr3) + ∂nbmn . (4.22d)
Here we have introduced two arbitrary antisymmetric tensors amn = −anm and bmn = −bnm. The
equations give the solutions:
∂mr
3 = +
1
K
{
H0
(
mn∂
nϕ˜R− − ∂namn
)
+ Ω0
(
∂mϕ˜I+ − mn∂pbnp
)}
, (4.23a)
∂mϑ = − 1
K
{
Ω0
(
∂mϕ˜R− − mn∂panp
)
−H0
(
mn∂
nϕ˜I+ − ∂nbmn
)}
. (4.23b)
We substitute them into (4.14). In this configuration, we can set amn and bmn to zero, without loss
of generality. The result is
L IRE = −
1
2
H0
{
(∂mr
1)2 + (∂mr
2)2
}
− H0
2K
{
(∂mϕ˜R−)2 + (∂mϕ˜I+)2
}
− Ω0
K
mn(∂
mϕ˜R−)(∂nϕ˜I+)
+
∑
a
√
2 mn∂m
(
(ϑ− t4a)A˚n,a
)
+
∑
a′
√
2 mn∂m
(
(r3 − t̂3a′)˚̂An,a′
)
. (4.24)
Applying this form to the string sigma model (4.15), we obtain the configuration of a single exotic
522-brane [33]:
Gij = H0 δij , Gab =
H0
K
δab , Gia = 0 , i, j = 1, 2, a, b = 3, 4 , (4.25a)
B34 = −Ω0
K
. (4.25b)
Hence, we conclude that the semi-doubled NLSM (4.14) truly contains the three different standard
NLSMs whose target spaces are defect five-branes. This result also indicates that the semi-doubled
GLSM (3.6) has properly describes the UV completion of the standard NLSMs. We note that, in this
section, we performed the duality transformations at the final stage of the analysis. We would like to
investigate whether the dualization procedure is also applicable at the UV level. If this is also true,
we will find a powerful T-duality transformation procedure for defect branes in terms of a complex
twisted linear superfield. This procedure can be applied to UV gauge theories as well as various IR
effective theories, even if the IR target spaces do not possess isometry.
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5 Standard GLSMs
In this section, we reduce the semi-doubled GLSM (3.6) to various standard GLSMs. In each
GLSM, we take the IR limit. We will find its IR effective theory corresponds to the NLSM discussed
in section 4. This result will conclude that the duality transformations introduced in terms of the
complex twisted linear superfield discussed in section 2 is applicable to both the IR theory and its UV
theory. In other words, the T-duality transformation procedure given in section 2 can be extended
away from the IR limit, as demonstrated by Hori and Vafa [43]. This feature is very strong and
helpful to investigate the string worldsheet instanton corrections to the five-branes configurations via
the gauge theory vortex corrections in section 6.
5.1 Standard GLSM for defect NS5-brane
We integrate out the dual scalar fields ϕR− and ϕI+ in the gauge theory (3.6). Their equations of
motion are
ϕR− : 0 = ∂n
{
− mn(∂mr3)
}
, ϕI+ : 0 = ∂
n
{
− mn(∂mϑ)
}
. (5.1)
The solutions of these equations are trivial. Substituting the equations of motion into the semi-
doubled GLSM (3.6), we find that the covariant derivatives DmϕR− = ∂mϕR− −
√
2
∑
a′ Âm,a′ and
DmϕI+ = ∂mϕI+−
√
2
∑
aAm,a are decomposed into two parts. The ordinary derivative part vanishes
due to the equations of motion (5.1), while the gauge fields part is combined with the total derivative
term. Then we obtain the standard GLSM:
LNS5 =
k∑
a=1
1
2e2a
(F01,a)
2 +
∑`
a′=1
1
2ê2a′
(F̂01,a′)
2 +
√
2
∑
a
(ϑ− t4a)F01,a +
√
2
∑
a′
(r3 − t̂3a′)F̂01,a′
−
∑
a
1
e2a
{
|∂mφa|2 + |∂mσa|2
}
−
∑
a′
1
ê2a′
{
|∂mφ̂a′ |2 + |∂mσ̂a′ |2
}
−
∑
a
2
(|qa|2 + |q˜a|2)(|φa|2 + |σa|2)−∑
a′
2
(|pa′ |2 + |p˜a′ |2)(|φ̂a′ |2 + |σ̂a′ |2)
− 2g2
∣∣∣∑
a
φa + i
∑
a′
φ̂a′
∣∣∣2 − 2g2∣∣∣∑
a
σa + i
∑
a′
σ̂a′
∣∣∣2
−
∑
a
{
|Dmqa|2 + |Dmq˜a|2
}
−
∑
a′
{
|Dmpa′ |2 + |Dmp˜a′ |2
}
− 1
2g2
{
(∂mr
1)2 + (∂mr
2)2 + (∂mr
3)2 + (∂mϑ)
2
}
−
∑
a
e2a
2
{
(|qa|2 − |q˜a|2)−
√
2 (r2 − s2a)
}2 −∑
a
e2a
∣∣∣√2 qaq˜a + ((r1 − s1a)− i(r3 − t3a))∣∣∣2
−
∑
a′
ê2a′
2
{
(|pa′ |2 − |p˜a′ |2)−
√
2 (r2 − ŝ2a′)
}2 −∑
a′
ê2a′
∣∣∣√2 pa′ p˜a′ + i((r1 − ŝ1a′) + i(ϑ− t̂4a′))∣∣∣2 .
(5.2)
Note that, if the gauge coupling constants êa′ shrink to zero, the system (5.2) is reduced to the
standard GLSM for H-monopoles (3.1) discussed in [31]. We comment that this system again acquire
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the topological terms ϑF01,a and r
3F̂01,a′ . We have emphasized the role of these two terms in section
1. We will investigate their contributions to the non-perturbative corrections in section 6.
Analogous to the previous section, we investigate the supersymmetry vacuum of this system. This
can be evaluated by the vanishing condition of the scalar potentials given by the same equations as
(4.1). On this vacuum, the configuration of the charged scalar fields (qa, q˜a) and (pa′ , p˜a′) is also the
same as (4.3). Then the effective gauge theory is given by
LNS5 =
k∑
a=1
1
2e2a
(F01,a)
2 +
∑`
a′=1
1
2ê2a′
(F̂01,a′)
2
+
√
2
∑
a
mn∂m
(
(ϑ− t4a)An,a
)
+
√
2
∑
a′
mn∂m
(
(r3 − t̂3a′)Ân,a′
)
− H0
2
{
(∂mr
1)2 + (∂mr
2)2
}
− H
2
(∂mr
3)2 − Ĥ
2
(∂mϑ)
2
−
∑
a
√
2Ra
{
∂mαa −Am,a + 1√
2
Ωi,a(∂mr
i)
}2 −∑
a
mn(∂mϑ)(
√
2An,a)
−
∑
a′
√
2 R̂a′
{
∂mα̂a′ − Âm,a′ + 1√
2
Ω̂j′,a′(∂mr
j′)
}2 −∑
a′
mn(∂mr
3)(
√
2Ân,a′) . (5.3)
Here the variables (Ra, R̂a′), (Ωi,a, Ω̂j′,a′) and (H0, H, Ĥ) are also exactly the same as those in (4.2),
(4.5) and (4.7), respectively.
Now we study the IR limit ea, êa′ → ∞. In this limit, the kinetic terms of the gauge fields are
frozen, and the gauge fields become non-dynamical. Then we integrate them out via the equations of
motion. The solutions are easily obtained:
An,a = − 1
2Ra
mn(∂
mϑ) + ∂nαa +
1√
2
Ωi,a(∂nr
i) , (5.4a)
Ân,a = − 1
2R̂a′
mn(∂
mr3) + ∂nα̂a′ +
1√
2
Ω̂j′,a′(∂nr
j′) . (5.4b)
Substituting the solutions into the effective Lagrangian (5.3) in the IR limit, we find the standard
NLSM
L IRNS5 = −
H0
2
{
(∂mr
1)2 + (∂mr
2)2 + (∂mr
3)2 + (∂mϑ)
2
}
+ Ω0 
mn(∂mr
3)(∂nϑ)
+
∑
a
√
2 mn∂m
(
(ϑ− t4a)A˚n,a
)
+
∑
a′
√
2 mn∂m
(
(r3 − t̂3a′)˚̂An,a′
)
+ mn Ω1(∂mr
1)(∂nϑ) + 
mn Ω̂1(∂mr
1)(∂nr
3)
−
√
2
∑
a
mn(∂mϑ)(∂nαa)−
√
2
∑
a′
mn(∂mr
3)(∂nα̂a′) . (5.5)
This configuration has not possessed isometry along the r3- and ϑ-directions yet. Performing the
smearing procedure expressed by (4.13), we find that the third line disappears and obtain properly
the same NLSM as (4.17), i.e., the standard NLSM for a single defect NS5-brane, up to the terms
containing the gauge parameters. These terms can be set to zero. This result is merely expected,
because we started the GLSM for H-monopoles (3.1) and extended it to the model for a defect NS5-
brane. Indeed, the dualization procedure was not seriously utilized in this system.
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5.2 Standard GLSM for KK-vortex
We go back to the semi-doubled GLSM (3.6), and construct the standard GLSM for a KK-vortex.
The KK-vortex is a gravitational object via T-dualization of a defect NS5-brane. In this subsection,
we confirm that the GLSM for the KK-vortex is dual to that for the defect NS5-brane at the UV level,
as well as at the IR level.
First, we evaluate the equation of motion for the dual scalar field ϕR−.
ϕR− : 0 = ∂n
{
− mn(∂mr3)
}
. (5.6)
Again this is trivially satisfied. On the other hand, the equation of motion for the original scalar ϑ is
non-trivial:
ϑ : 0 =
∑
a′
ê2a′
{√
2 pa′ p˜a′ + i(r
1 − ŝ1a′)− (ϑ− t̂4a′)
}
+
∑
a′
ê2a′
{√
2 pa′ p˜a′ − i(r1 − ŝ1a′)− (ϑ− t̂4a′)
}
− ∂m
{ 1
g2
(∂mϑ)− mn(DnϕI+)
}
. (5.7)
For convenience, we abbreviate the first two terms in the right-hand side:
Aa′ :=
√
2 pa′ p˜a′ + i(r
1 − ŝ1a′)− (ϑ− t̂4a′) , Am :=
∫
dxm
∑
a′
ê2a′(Aa′ +Aa′) . (5.8)
Note that Aa′ is a building block of the scalar potentials. The equation of motion (5.7) can be formally
solved as
0 = Am − 1
g2
(∂mϑ) + mn(DnϕI+) + ∂nf
mn(x) . (5.9)
We note that fmn(x) is an arbitrary antisymmetric tensor. Since we now study the model in two
dimensions, this arbitrary tensor can be given in terms of the Levi-Civita symbol:
fmn(x) = mnf(x) , (5.10)
where f(x) is an arbitrary function. In later discussion, this function will play a central role in
confirming the dual configuration at the UV level. Now, we obtain the dual form of the original scalar
field ϑ as follows:
1
g2
∂mϑ˚ = mn
{
DnϕI+ + ∂
nf(x)
}
+Am . (5.11)
Here ϑ˚ means that ϑ is no longer independent field and governed by the equation of motion (5.9).
Substituting the solutions (5.6) and (5.11) into the Lagrangian (3.6), we obtain a gauge theory:
LKK =
k∑
a=1
1
2e2a
(F01,a)
2 +
∑`
a′=1
1
2ê2a′
(F̂01,a′)
2
+
∑
a
√
2 mn∂m
(
(ϑ˚− t4a)An,a
)
+
√
2
∑
a′
(r3 − t̂3a′)mn∂mÂn,a′
−
∑
a
1
e2a
{
|∂mφa|2 + |∂mσa|2
}
−
∑
a′
1
ê2a′
{
|∂mφ̂a′ |2 + |∂mσ̂a′ |2
}
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−
∑
a
2
(|qa|2 + |q˜a|2)(|φa|2 + |σa|2)−∑
a′
2
(|pa′ |2 + |p˜a′ |2)(|φ̂a′ |2 + |σ̂a′ |2)
− 2g2
∣∣∣∑
a
φa + i
∑
a′
φ̂a′
∣∣∣2 − 2g2∣∣∣∑
a
σa + i
∑
a′
σ̂a′
∣∣∣2
−
∑
a
{
|Dmqa|2 + |Dmq˜a|2
}
−
∑
a′
{
|Dmpa′ |2 + |Dmp˜a′ |2
}
− 1
2g2
{
(∂mr
1)2 + (∂mr
2)2 + (∂mr
3)2 + (∂mϑ˚)
2
}
+ mn(∂mϑ˚)(DnϕI+)
−
∑
a
e2a
2
{
(|qa|2 − |q˜a|2)−
√
2 (r2 − s2a)
}2 −∑
a
e2a
∣∣∣√2 qaq˜a + ((r1 − s1a)− i(r3 − t3a))∣∣∣2
−
∑
a′
ê2a′
2
{
(|pa′ |2 − |p˜a′ |2)−
√
2 (r2 − ŝ2a′)
}2 −∑
a′
ê2a′ |Aa′ |2 . (5.12)
We next consider the supersymmetric vacuum on which the scalar potentials vanish. The equations are
exactly the same as (4.1), except that the scalar ϑ is replaced with ϑ˚. We also find the solution of the
charged fields (qa, q˜a) and (pa′ , p˜a′) as (4.3). Then we obtain the gauge theory on the supersymmetric
vacuum:
LKK =
k∑
a=1
1
2e2a
(F01,a)
2 +
∑`
a′=1
1
2ê2a′
(F̂01,a′)
2
+
∑
a
√
2 mn∂m
(
(ϑ˚− t4a)An,a
)
+
∑
a′
√
2 mn∂m
(
(r3 − t̂3a′)Ân,a′
)−∑
a′
mn∂n
(
(∂mr
3)(
√
2α̂a′)
)
− H0
2
{
(∂mr
1)2 + (∂mr
2)2
}
− H
2
(∂mr
3)2
+
g4Ĥ
2
{
DmϕI+ + ∂mf
}2 − g2{DmϕI+ + ∂mf}(DmϕI+) +∑
a′
mn(∂mr
3)
√
2(∂nα̂a′ − Ân,a′)
−
∑
a
√
2Ra
{
∂mαa −Am,a + 1√
2
Ωi,a(∂mr
i)
}2
+
∑
a′
√
2R̂a′
{
np(∂pα̂a′ − Âp,a′) + 1√
2
Ω̂1,a′
np(∂pr
1) +
g2√
2
Ω̂4,a′
(
DnϕI+ + ∂
nf
)}2
. (5.13)
We analyze the IR limit ea, êa′ → ∞. To simplify our computations, we introduce the following
expressions:
Am,a :=
√
2(∂mαa −Am,a) , Âm,a′ :=
√
2(∂mα̂a′ − Âm,a′) , (5.14a)
ϕ˜I+ := ϕI+ −
∑
a
√
2αa , DmϕI+ = ∂mϕ˜I+ +
∑
a
Am,a . (5.14b)
In the IR limit, the gauge fields Am,a and Âm,a′ are no longer dynamical, and they should be integrated
out from the system. We evaluate their equations of motion:
0 = g4Ĥ(DnϕI+ + ∂nf)− g2(DnϕI+)− g2(DnϕI+ + ∂nf)
−
√
2Ra
{
An,a + Ω1,a(∂nr
1) + Ω3,a(∂nr
3)
}
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+
∑
a′
√
2R̂a′
{
npÂ
p
a′ + npΩ̂1,a′(∂
pr1) + g2Ω̂4,a′(DnϕI+ + ∂nf)
}
(g2Ω̂4,a′) , (5.15a)
0 = ∂nr
3 +
√
2R̂a′
{
nqÂ
q
a′ + nqΩ̂1,a′(∂
qr1) + g2Ω̂4,a′(DnϕI+ + ∂nf)
}
. (5.15b)
Via the same technique as in [33], we first obtain the sum of the gauge fields
∑
a An,a. This is enough
to understand the IR behavior of the system.
∑
b
An,b = −g
2Ĥ2
H3
∑
b
1√
2Rb
(∂nϕ˜I+)− g
2Ĥ2 − 1
H3
∑
b
1√
2Rb
(∂nf)
− Ω1
g2H3
(∂nr
1)− 1
H3
(Ω3
g2
+ Ω̂4
∑
b
1√
2Rb
)
(∂nr
3) , (5.16)
DnϕI+ + ∂nf = ∂nϕ˜I+ + ∂nf +
∑
b
An,b
=
1
g2H3
{
(∂nϕ˜I+)−
(
Ω3 +
∑
b
g2Ω̂4√
2Rb
)
(∂nr
3) + g2H(∂nf)− Ω1(∂nr1)
}
. (5.17)
To make the expressions simple, we have introduced the following functions:
Ĥ2 :=
1
g2
−
∑
a′
1√
2R̂a′
, H3 :=
1
g2
+
∑
a
g2Ĥ2√
2Ra
. (5.18)
We notice that the arbitrary function f(x) (5.10) is not constrained by any physical condition. This
can be merely regarded as a diffeomorphism parameter from the target space viewpoint. However, in
order to confirm that the gauge theory (5.12) is truly the UV completion of the NLSM for a single
KK-vortex (4.20), it is better to fix this function to an appropriate form. In the IR limit, we have
already known the dual form of ∂mϑ˚ in terms of (4.19c), which we call the “on-shell” form because
the gauge fields are on-shell and integrated out. On the other hand, ∂mϑ˚ is also given by (5.17) via
(5.11). Combining them, we obtain the “on-shell” expression of the arbitrary function f(x):
∂nf =
1
H0
{
−
∑
a′
1√
2R̂a′
(∂nϕ˜I+) +
(∑
a′
Ω3√
2R̂a′
+ Ω̂4H
)
(∂nr
3) +
∑
a′
Ω1√
2R̂a′
(∂nr
1)
}
. (5.19)
However, the function f(x) which want to know is the “off-shell” form before the gauge fields are
integrated out. We construct it in the following way. Substitute (5.19) into (5.17), and describe the
scalar field ϕ˜I+ in terms of the covariant derivative DmϕI+ and other functions:
∂nϕ˜I+ =
H0
Ĥ
DnϕI+ +
1
Ĥ
(
Ω3Ĥ +
∑
a
Ω̂4√
2Ra
)
(∂nr
3) + Ω1(∂nr
1) . (5.20)
This is a big hint to obtain the “off-shell” form of f(x). Substitute it into (5.19) and remove ϕ˜I+.
Then the derivative ∂nf is expressed in terms of the covariant derivative DmϕI+ which carries the
off-shell gauge fields. Then we obtain the “off-shell” form:
∂nf = −
∑
a′
1√
2R̂a′Ĥ
DnϕI+ +
Ω̂4
g2Ĥ
(∂nr
3) . (5.21)
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By using this, we expect that the following is the duality relation at the UV level:
1
g2
∂mϑ˚ = mn
{
DnϕI+ + ∂
nf
}
=
1
g2Ĥ
mn
{
DnϕI+ + Ω̂4(∂
nr3)
}
. (5.22)
We go back to the gauge theory (5.12) where the original field ϑ˚ is now governed by (5.22) (with Am
(5.8) before setting them to zero):
LKK =
k∑
a=1
1
2e2a
(F01,a)
2 +
∑`
a′=1
1
2ê2a′
(F̂01,a′)
2
+
∑
a
√
2 mn∂m
(
(ϑ˚− t4a)An,a
)
+
√
2
∑
a′
(r3 − t̂3a′)mn∂mÂn,a′
−
∑
a
1
e2a
{
|∂mφa|2 + |∂mσa|2
}
−
∑
a′
1
ê2a′
{
|∂mφ̂a′ |2 + |∂mσ̂a′ |2
}
−
∑
a
2
(|qa|2 + |q˜a|2)(|φa|2 + |σa|2)−∑
a′
2
(|pa′ |2 + |p˜a′ |2)(|φ̂a′ |2 + |σ̂a′ |2)
− 2g2
∣∣∣∑
a
φa + i
∑
a′
φ̂a′
∣∣∣2 − 2g2∣∣∣∑
a
σa + i
∑
a′
σ̂a′
∣∣∣2
−
∑
a
{
|Dmqa|2 + |Dmq˜a|2
}
−
∑
a′
{
|Dmpa′ |2 + |Dmp˜a′ |2
}
− 1
2g2
{
(∂mr
1)2 + (∂mr
2)2 + (∂mr
3)2 + (∂mϑ˚)
2
}
+ mn(∂mϑ˚)(DnϕI+)
−
∑
a
e2a
2
{
(|qa|2 − |q˜a|2)−
√
2 (r2 − s2a)
}2 −∑
a
e2a
∣∣∣√2 qaq˜a + ((r1 − s1a)− i(r3 − t3a))∣∣∣2
−
∑
a′
ê2a′
2
{
(|pa′ |2 − |p˜a′ |2)−
√
2 (r2 − ŝ2a′)
}2 −∑
a′
ê2a′ |Aa′ |2 , (5.23a)
1
g2
∂mϑ˚ =
1
g2Ĥ
mn
{
DnϕI+ + Ω̂4(∂
nr3)
}
+Am . (5.23b)
This should lead us to the NLSM for the KK-vortex. We explore the IR regime. In the IR limit
ea, êa′ → ∞, we again evaluate the equations of motion for the gauge fields Am,a and Âm,a′ . After
the straightforward calculations, we can solve them and substitute the solutions into the Lagrangian.
Finally we obtain the IR NLSM in following form:
L IRKK = −
H0
2
{
(∂mr
1)2 + (∂mr
2)2 + (∂mr
3)2
}
− 1
2H0
{
∂mϕ˜I+ − Ω0(∂mr3)
}2
+
∑
a
√
2 mn∂m
(
(ϑ˚− t4a)A˚n,a
)
+
∑
a′
√
2 mn∂m
(
(r3 − t̂3a′)˚̂An,a′
)
− Ω
2
1
2H0
(∂mr
1)2 +
Ω1
H0
{
∂mϕ˜I+ − Ω0(∂mr3)
}
(∂mr1) + Ω̂1
pm(∂pr
1)(∂mr
3)
−
∑
a′
mn∂n
(
(∂mr
3)(
√
2α̂a′)
)
. (5.24)
This is the NLSM which we have already described as the NLSM for the single KK-vortex (4.20),
expect for the third and fourth lines. But this is not a problem. In the smearing procedure (4.13), the
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third lines disappear. The fourth line does not contribute to the system because it is a total derivative.
Hence, we conclude that we successfully confirmed the gauge theory (5.23) as the GLSM the single
KK-vortex. Then the duality relation between the original field ϑ and the dual field ϕI+ is given as
(5.22) (or more precisely (5.23b)), which is reduced to (4.19c) in the IR limit.
5.3 Standard GLSM for exotic 522-brane
We will also find that the semi-doubled GLSM (3.6) contains the standard GLSM for the single
522-brane. To confirm this, we integrate out the original scalar fields ϑ and r
3. The equation of motion
for the former has been analyzed in (5.7), and its final solution is given by (5.23b). Here we focus on
the equation of motion for the latter:
r3 : 0 = −i
∑
a
e2a
{√
2 qaq˜a + (r
1 − s1a)− i(r3 − t3a)
}
+ i
∑
a
e2a
{√
2 qaq˜a + (r
1 − s1a) + i(r3 − t3a)
}
− ∂m
{ 1
g2
(∂mr
3)− mn(DnϕR−)
}
. (5.25)
For later convenience, this is also abbreviated by introducing the following forms:
Ba :=
√
2 qaq˜a + (r
1 − s1a)− i(r3 − t3a) , Bm :=
∫
dxm
{
− i
∑
a
e2a(Ba −Ba)
}
. (5.26)
We note that Ba is also the building block of the scalar potentials. Now (5.25) is described by
1
g2
∂mr˚
3 = mn
{
DnϕR− + ∂nf̂(x)
}
+Bm . (5.27)
Here we notice that f̂(x) is an arbitrary function similar to f(x) (5.10). In the current stage, we
have already understood how this function is treated. Actually, this function is also interpreted as
a gauge parameter of the diffeomorphism and the B-field gauge transformation on the target space
configuration. Analogous to (5.23b), the form (5.27) can be obtained as
1
g2
∂mr˚
3 =
1
g2H
mn
{
DnϕR− + Ω3(∂nϑ)
}
+Bm . (5.28)
By using the expressions (5.23b) and (5.28), we find the off-shell duality relations at the UV level:
1
g2
∂mϑ˚ =
1
g2M
{
HmnD
nϕI+ + Ω̂4DmϕR− +
(
Am +
Ω̂4
Ĥ
mnB
n
)}
, (5.29a)
1
g2
∂mr˚
3 =
1
g2M
{
ĤmnD
nϕR− + Ω3DmϕI+ +
(Ω3
H
mnA
n +Bm
)}
, (5.29b)
M := HĤ − Ω3Ω̂4 . (5.29c)
We emphasize that (ϑ˚, r˚3) are no longer dynamical but governed by the dual fields (ϕI+, ϕR−). Sub-
stituting the duality relations into the semi-doubled GLSM (3.6), we obtain a standard gauge theory:
LE =
k∑
a=1
1
2e2a
(F01,a)
2 +
∑`
a′=1
1
2ê2a′
(F̂01,a′)
2
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+
∑
a
√
2 mn∂m
(
(ϑ˚− t4a)An,a
)
+
∑
a′
√
2 mn∂m
(
(˚r3 − t̂3a′)Ân,a′
)
−
∑
a
1
e2a
{
|∂mφa|2 + |∂mσa|2
}
−
∑
a′
1
ê2a′
{
|∂mφ̂a′ |2 + |∂mσ̂a′ |2
}
−
∑
a
2
(|qa|2 + |q˜a|2)(|φa|2 + |σa|2)−∑
a′
2
(|pa′ |2 + |p˜a′ |2)(|φ̂a′ |2 + |σ̂a′ |2)
− 2g2
∣∣∣∑
a
φa + i
∑
a′
φ̂a′
∣∣∣2 − 2g2∣∣∣∑
a
σa + i
∑
a′
σ̂a′
∣∣∣2
−
∑
a
{
|Dmqa|2 + |Dmq˜a|2
}
−
∑
a′
{
|Dmpa′ |2 + |Dmp˜a′ |2
}
− 1
2g2
{
(∂mr
1)2 + (∂mr
2)2 + (∂mr˚
3)2 + (∂mϑ˚)
2
}
+ mn(∂mr˚
3)(DnϕR−) + mn(∂mϑ˚)(DnϕI+)
−
∑
a
e2a
2
{
(|qa|2 − |q˜a|2)−
√
2 (r2 − s2a)
}2 −∑
a
e2a|Ba|2
−
∑
a′
ê2a′
2
{
(|pa′ |2 − |p˜a′ |2)−
√
2 (r2 − ŝ2a′)
}2 −∑
a′
ê2a′ |Aa′ |2 . (5.30)
We expect that this is also the GLSM for the single 522-brane which correctly flows to the IR NLSM
(4.24).
Now we investigate the IR behavior. Since the form of the scalar potentials in (5.30) is still the
same as in (3.6), we again use the equations (4.1) to describe the supersymmetric vacuum. On this
vacuum the charged fields also have the same configuration as (4.3). Then, replacing (ϑ, r3) with
(ϑ˚, r˚3), we reduce the Lagrangian (5.30) to the following form:
LE =
k∑
a=1
1
2e2a
(F01,a)
2 +
∑`
a′=1
1
2ê2a′
(F̂01,a′)
2
+
∑
a
√
2 mn∂m
(
(ϑ˚− t4a)An,a
)
+
∑
a′
√
2 mn∂m
(
(˚r3 − t̂3a′)Ân,a′
)
− H0
2
{
(∂mr
1)2 + (∂mr
2)2
}
− H
2M2
{
ĤmnD
nϕR− + Ω3DmϕI+
}2
+
1
M
{
ĤmnD
nϕR− + Ω3DmϕI+
}
(mpDpϕR−)
+
Ĥ
2M2
{
HDmϕI+ + Ω̂4mnD
nϕR−
}2 − 1M{HDmϕI+ + Ω̂4mnDnϕR−}(DmϕI+)
−
∑
a
√
2Ra
{
∂mαa −Am,a + Ω1,a√
2
(∂mr
1) +
Ω3,a√
2M
(
ĤmnD
nϕR− + Ω3DmϕI+
)}2
+
∑
a′
√
2R̂a′
{
mn(∂
nα̂a′ − Âna′) +
Ω̂1,a′√
2
mn(∂
nr1) +
Ω̂4,a′√
2M
(
HDmϕI+ + Ω̂4mnD
nϕR−
)}2
.
(5.31)
As discussed in [31] and (5.14), we introduce the following description, for convenience:
ϕ˜R− := ϕR− −
√
2
∑
a′
α̂a′ , DmϕR− = ∂mϕ˜R− +
∑
a
Âm,a′ . (5.32)
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Next, we solve the equations of motion for Am,a and Âm,a′ in the IR limit ea, êa′ → ∞. After
tedious but straightforward calculations, we first obtain the sum of the gauge potentials as follows:
∑
a
An,a = − 1
K
{
(K −X4)∂nϕ˜I+ + Y4np∂pϕ˜R−
}
− X4Ω1
K
(∂nr
1) +
Y4Ω̂1
K
np(∂
pr1) , (5.33a)
∑
a′
npÂ
p
a′ = −
1
K
{
Y3∂nϕ˜I+ + (K −X3)np∂pϕ˜R−
}
+
Y3Ω1
K
(∂nr
1)− X3Ω̂1
K
np(∂
pr1) , (5.33b)
where, coefficients are given by the following functions:
X3 := H0H + Ω0Ω3 , Y4 := Ω̂4H0 + Ω0Ĥ , (5.34a)
Y3 := Ω3H0 − Ω0H , X4 := H0Ĥ − Ω0Ω̂4 . (5.34b)
Substituting them into the covariant derivatives in the equations of motion for the gauge potentials,
we eventually obtain themselves:
An,a =
1√
2RaM
{
HDnϕI+ + Ω̂4npD
pϕR−
}
− Ω1,a(∂nr1)− Ω3,aM
(
ĤnpD
pϕR− + Ω3DnϕI+
)
, (5.35a)
npÂ
p
a′ =
1√
2R̂a′M
(
ĤnpD
pϕR− + Ω3DnϕI+
)
− Ω̂1,a′np(∂pr1)−
Ω̂4,a′
M
{
HDnϕI+ + Ω̂4npD
pϕR−
}
. (5.35b)
Substituting the solutions into the IR limit of the Lagrangian (5.30), we finally obtain
L IRE = −
H0
2
{
(∂mr
1)2 + (∂mr
2)2
}
− H0
2K
{
(∂mϕ˜R−)2 + (∂mϕ˜I+)2
}
− Ω0
K
mn(∂mϕ˜R−)(∂nϕ˜I+)
+
∑
a
√
2 mn∂m
(
(ϑ˚− t4a)A˚n,a
)
+
∑
a′
√
2 mn∂m
(
(˚r3 − t̂3a′)˚̂An,a′
)
+L (Ω1, Ω̂1) . (5.36)
Here we have introduced L (Ω1, Ω̂1) which carries terms containing Ω1,a or Ω̂1,a′ . This disappears in
the smearing procedure. It turns out that the IR Lagrangian (5.36) exactly coincides with the NLSM
(4.24) derived from the semi-doubled NLSM. Hence, we understand that (5.30) is also the GLSM for
the single exotic 522-brane. We have a comment. This is different from the Lagrangian discussed in
[33]. Even though the difference merely comes from difference of the isometry directions, this model
is much simpler than that in [33]. This is because we need not introduce the prepotential of the chiral
superfield Φ which contains a lot of redundant fields [38, 40].
5.4 From semi-doubled GLSM to standard NLSMs
In this section, we confirmed that the semi-doubled GLSM (3.6) correctly contains the standard
GLSMs for the single defect NS5-brane (5.2), the single KK-vortex (5.23), and the single exotic 522-
brane (5.30). In the IR limit, each gauge theory flows to the NLSM for (4.17), (4.20), and (4.24),
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respectively. We emphasize that the NLSMs are originally derived from the semi-doubled NLSM (4.14)
as the IR limit of the semi-doubled GLSM (3.6). Summarizing these discussions, we understand that
the dualization procedure at the IR level is preserved even at the UV level where the gauge coupling
constants are finite. This is a very strong statement because we now understand that the complex
twisted linear L˜, a reducible superfield, is also quite useful to analyze the duality transformations
among various different systems, as those in terms of irreducible superfields. Originally, reducible
superfields are introduced in order to discuss the T-duality transformations of NLSMs without global
isometry on the target space geometries [44, 45]. In our analysis, we also understand that, as in the
same discussions in [43], the duality transformations of them without global isometry can be traced
in the language of gauge theory. Here we illustrate this feature in Figure 1.
semi-doubled GLSM
(3.6)
standard GLSMs
(5.2), (5.23), (5.30)
semi-doubled NLSM
(4.14)
standard NLSMs
(4.17), (4.20), (4.24)
reduction
reduction
IR limit IR limit
Figure 1: The flows from the semi-doubled GLSM (3.6) to various standard NLSMs (4.17), (4.20) and (4.24). The
terminology “reduction” implies that we solve the equations of motion for original/dual scalar fields and integrate them
out. The closure of the flows represents applicability of the duality transformations by using (ir)reducible superfields.
We have understood that the semi-doubled GLSM is not only a linearized simple model, but also
the UV completion of the defect five-branes. Our next study is to understand quantum phenomena
in the gauge theory, and its stringy effects on the defect branes. In next section, we focus on non-
perturbative vortex corrections in gauge theory.
6 Vortices in GLSM and worldsheet instantons
We now established a GLSM framework to implement the isometry in the torus fibration. By
exploiting this model, we study the instanton effects in the GLSMs for each five-brane of codimension
two. As discussed in [36], the gauge instantons in a GLSM can be interpreted as the worldsheet
instantons in the IR. It was shown that the geometry of the H-monopole receives gauge instanton
corrections [31]. One finds that the isometry of the geometry is broken and the H-monopole localizes
in the compactified direction. Equivalently, the geometry becomes that of the NS5-brane on S1 due
to the instanton corrections. The n-instanton contributions to the geometry are identified with the
KK n-modes in S1. Things get more involved in the T-dualized KK-monopole picture. The analogous
calculations of the instanton effects were performed in the GLSM for the single centered KK-monopole
[13]. Similar to the H-monopole case, the instantons modify the Taub-NUT geometry. However, the
n-instanton contributions to the Taub-NUT geometry should be identified with the n-winding modes
since the T-duality symmetry exchanges the KK- and the string winding modes. Since any geometries
related by T-duality symmetry is physically equivalent in string theory, we expect that there are
winding modes corrections to branes in the T-duality orbit that include NS5-brane. Indeed, several
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geometries that receive winding corrections have been found in the context of DFT [29, 30, 51, 41].
The worldsheet instantons are configurations of wrapped fundamental strings on spacetime two-
cycles. Since there are no two-cycles in the H-monopole and Taub-NUT geometries, the instantons
in the GLSM are interpreted as a kind of singular (point-like) instantons. The calculations of these
point-like instantons are justified in a certain limit of parameters of the geometry. For example, the
non-trivial two-cycle in the single centered Taub-NUT geometry is realized as a limit of the open cigar
in the geometry. This reflect the fact that the worldsheet instantons in the single centered Taub-NUT
space can be interpreted as a limit of the disk instantons [32]. This notion is also carried over to
the analysis of instanton effects for the 522-brane [14]. In this limit of the parameter, one finds that
GLSMs are reduced to truncated models where instanton calculus are legitimately performed. In the
following, we write down the truncated models in a limit of parameters for the GLSMs and discuss
instanton effects in each geometries.
6.1 Instanton corrections to defect NS5-brane
We begin with the GLSM (5.2) for the defect NS5-brane. Since the procedure in this section
does not depend on k, we consider the k = 1 single centered model in the following. The isometries
along the transverse directions to the single defect NS5-brane are realized as the U(1) × U(1) gauge
symmetry in the GLSM. In order to elucidate the instanton effects, we look for a field configuration
that solves the equation of motion. We first require that the scalar fields in the gauge multiplets stay
in the supersymmetric vacuum φ = φ̂ = σ = σ̂ = 0. By utilizing the SU(2)R and ŜU(2)R symmetries,
the charged scalar fields in the hypermultiplets can be taken to be q˜ = p˜ = 0 without loss of generality.
What kind of limit of the parameters should we consider for the instanton calculus is a subtle
issue since the parameters in the GLSMs for the five-branes of codimension two do not have obvious
geometrical meanings. We therefore employ the natural limit g → 0 that appears in the GLSM for
the H-, KK-monopoles and the 522-brane [31, 13, 14]. In the limit g → 0, the fields (r1, r2, r3, ϑ) whose
kinetic terms have the overall factor 1/g2 are frozen. We then set these fields to constants. Using
again the SU(2)R symmetry, we choose r
1 = s1, r3 = t3. Collecting all together, and performing
the Wick rotation x0 → −ix2, the GLSM (5.2) is reduced to the following truncated model in the
Euclidean space:
LNS5 =
1
2e2
F 212 +
1
2ê2
F̂ 212 + i
√
2ϑ4F12 + i
√
2ϑ3F̂12
+ |Dmq|2 + |Dmp|2 + e
2
2
(
|q|2 −
√
2ζ
)2
+
ê2
2
(
|p|2 −
√
2ζ̂
)2
, (6.1)
where we have ignored the irrelevant constant terms and defined the following quantities:
r2 − s2 = ζ , r2 − ŝ2 = ζ̂ , ϑ− t4 = ϑ4 , r3 − t̂3 = ϑ3 . (6.2)
The Lagrangian (6.1) represents a pair of the Abelian-Higgs model in the critical couplings. This is a
natural extension of the Abelian-Higgs model appeared in the GLSM for the H-monopole [31]. Indeed,
if one of the gauge multiplet (Âm, p) is dropped, the model is reduced to the one studied in [31] where
the instantons in the (Am, q) sector breaks the isometry of the H-monopole.
In (6.1), one observes that when the gauge fields (Am, Âm) take values in the non-trivial topological
sectors, the isometries along the ϑ- and r3-directions are broken. The Bogomol’nyi completion of the
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Lagrangian reads
LNS5 =
1
2e2
{
F12 ± e2(|q|2 −
√
2ζ)
}2
+
∣∣(D1 ± iD2)q∣∣2
+
1
2ê2
{
F̂12 ± e2(|p|2 −
√
2ζ̂)
}2
+
∣∣(D1 ± iD2)p∣∣2
±
√
2 ζF12 + i
√
2ϑ4F12 ±
√
2 ζ̂F̂12 + i
√
2ϑ3F̂12 . (6.3)
Thus the Euclidean action SE =
1
2pi
∫
d2xLNS5 is bounded from below:
SE ≥
√
2 ζ |n| − i
√
2ϑ4 n+
√
2 ζ̂ |n̂| − i
√
2ϑ3 n̂ . (6.4)
Here the integers (n, n̂) are the topological numbers defined by the first Chern number:
n = − 1
2pi
∫
d2xF12 , n̂ = − 1
2pi
∫
d2x F̂12 . (6.5)
The Euclidean action is most stringently bounded by
SE ≥
√
2 |~ζ|
√
~n2 − i
√
2 (~ϑ · ~n) = Sinst , (6.6)
Here we have defined ~ζ = (ζ, ζ̂), ~n = (n, n̂) and ~ϑ = (ϑ4, ϑ3). The inequality is saturated when ~ζ ‖ ~n
and the following BPS equations are satisfied:
F12 = ∓e2
(
|q|2 −
√
2ζ
)
, (D1 ± iD2)q = 0 , (6.7a)
F̂12 = ∓ê2
(
|p|2 −
√
2ζ̂
)
, (D1 ± iD2)p = 0 . (6.7b)
The solutions (Am, q), (Âm, p) to the above equations are the Abrikosov-Nielsen-Olesen (ANO) vor-
tices which have non-trivial topological numbers. Vortices in the Euclidean theory are understood
as instantons in two dimensions. By applying the standard technique of the instanton calculus in
gauge theories, one can compute the instanton corrections to the four point functions of the fermions
(ψ±,q, ψ˜±,q), (ψ±,p, ψ˜±,p) in the charged hypermultiplets. They are related to the geometric fermions
(χ±, χ˜±) through the (SUSY partners of the) constraints (4.2a), (4.2b). From the four-point function
of the geometric fermions, one can read off the corrections to the Riemann tensor, hence, the spacetime
metric and the harmonic functions. The technical details are well established but since it goes beyond
the scope of the present study, we provide a qualitative discussions in the following.
In [14], two of the present authors studied the instanton effects to the 522-brane. In order to realize
the five-brane of codimension two, we have prepared the multi-centered GLSM to represent an infinite
array of five-branes. As discussed in [32], we have assumed that instantons in each single centered
five-brane sector are completely decoupled and they can be superimposed in the path-integral. The
situation is the same with the defect NS5-brane. The path-integral of the GLSM for the defect NS5-
brane around the classical solutions to (6.7) apparently results in the broken isometries in the IR
geometry. One expects that the instanton-corrected geometry is a localized defect NS5-brane in the
two-torus T 2. If the instanton numbers (n, n̂) are identified with the KK-modes in T 2, the instanton
corrections to the harmonic function should be proportional to the factor e−Sinst where the instanton
action is given in (6.6). This is indeed plausible. The harmonic function of the NS5-brane in T 2 is
calculated as
H(ρ) = σ
log µ
ρ
+
∑
(n3,n4)6=(0,0)
e
in3
x3
R3 +in4
x4
R4K0
(
ρ
√( n3
R3
)2
+
( n4
R4
)2) , (6.8)
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where we simply set σ := σ3 = σ4. K0(x) is the modified Bessel function of the second kind and the
integers (n3, n4) label the KK-modes in T
2. The large-ρ expansion of K0(x) reveals the exponential
behavior of the harmonic function:
e
in3
x3
R3 +in4
x4
R4K0
(
ρ
√( n3
R3
)2
+
( n4
R4
)2) ∼ exp [−ρ√( n3R3
)2
+
( n4
R4
)2
+ in3
x3
R3 + in4
x4
R4
]
. (6.9)
After a suitable redefinition of the parameters (ζ, ζ̂)→ (ζ/R4, ζ̂/R3), ϑ3,4 → x3,4/R3,4, and an overall
rescaling of the action, this is nothing but the expected factor e−Sinst .
6.2 Instanton corrections to KK-vortex
We next consider the GLSM (5.23) for the KK-vortex. We follow the same steps discussed in the
defect NS5-brane. The fields (φ, σ, φ̂, σ̂) are required to stay in the supersymmetric vacuum. We set
q˜ = p˜ = 0 by the SU(2)R and ŜU(2)R symmetries. Again, the instanton calculus is justified in the
limit g → 0 [13]. In this limit the fields r1, r2, r3 and ϑ˚ are frozen and become constants. We set
r1 = s1 and r3 = t3 by SU(2)R symmetry. Then, the truncated model becomes
LKK =
1
2e2
F 212 +
1
2ê2
F̂ 212 + i
√
2 ϑ˜4F12 + i
√
2ϑ3F̂12
+ |Dmq|2 + |Dmp|2 + e
2
2
(
|q|2 −
√
2ζ
)2
+
ê2
2
(
|p|2 −
√
2ζ̂
)2
, (6.10)
where we have defined
r2 − s2 = ζ , r2 − ŝ2 = ζ̂ , ϑ˚− t4 = ϑ˜4 , r3 − t̂3 = ϑ3 . (6.11)
This is a pair of the Abelian-Higgs models and it is essentially the same with (6.1). However, the
most crucial difference from the defect NS5-brane case is that the theta parameter ϑ4 in the (6.1) is
replaced by its dual ϑ˜4 corresponding to the winding coordinate associated with one of the compact
direction in the two-torus T 2. This means the instantons in (6.10) break the isometry along the ϑ3 and
the winding direction ϑ˜4. This is the torus generalization of the discussion in [13] where the only one
isometry is realized in the KK-monopole. The resulting geometry represents a localized KK-monopole
in the winding space [12]. This is obtained by formally applying the Buscher rule to the localized
H-monopole without assuming the isometry. Although this geometry is not a solution to supergravity
anymore, it is a solution to the double field theory [41].
6.3 Instanton corrections to exotic 522-brane
Finally, we discuss the instanton effects in the GLSM (5.30) for the exotic 522-brane. Again, the
fields (φ, σ, φ̂, σ̂) stay in the supersymmetric vacuum and we set q˜ = p˜ = 0 without loss of generality.
In the limit g → 0, the fields (r1, r2, r˚3, ϑ˚) are frozen and they become constants. If we set r1 = s1,
r3 = t3, the GLSM is reduced to
LE =
1
2e2
F 212 +
1
2ê2
F̂ 212 + i
√
2 ϑ˜4F12 + i
√
2 ϑ˜3F̂12
+ |Dmq|2 + |Dmp|2 + e
2
2
(
|q|2 −
√
2ζ
)2
+
ê2
2
(
|p|2 −
√
2ζ̂
)2
, (6.12)
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where we have defined
r2 − s2 = ζ , r2 − ŝ2 = ζ̂ , ϑ˚− t4 = ϑ˜4 , r˚3 − t̂3 = ϑ˜3 . (6.13)
Once again, this is essentially the same with (6.1) but the theta parameters (ϑ3, ϑ4) in the (6.1) are
replaced by their duals (ϑ˜3, ϑ˜4). Therefore instantons in this model breaks the isometries along the
two winding directions ϑ˜3 and ϑ˜4 in T
2. The IR geometry is that of the 522-brane corresponding to the
first logarithmic term in (6.8) together with the correction terms. Therefore, the resulting geometry is
the localized 522-brane in the winding space. This is what expected. Since the geometry of the localized
defect NS5-brane in T 2 contains the KK-modes, it is conceivable that the geometry in the T-dualized
522-brane is characterized by the winding modes. We have shown that the 5
2
2-brane localized in the
two winding directions is not a solution to supergravity but a solution to DFT [41]. The model (6.12)
is nothing but the one we discussed in the previous work [41] and it is a natural extension of the
Abelian-Higgs model discussed in [14].
7 Conclusion and discussions
In this paper, we established the double dualization of a twisted chiral superfield in terms of a
complex twisted linear superfield. This is necessary when we study the physics behind the geometry
of the two-torus fibration and T-duality transformations along that directions. The situation typically
involves exotic branes of codimension two. The formalism developed in this paper is very powerful
when we try to dualize both the real and imaginary parts of the twisted chiral superfield. Such
a dualization cannot be realized in the ordinary dualization in terms of irreducible (twisted) chiral
superfields. Furthermore, we also established the dualization procedure in a systematic way, which
was not clear in the previous work [46].
By using this technique, we constructed the semi-doubled GLSM for five-branes of codimension
two. This model is a natural and powerful extension of the models proposed by Tong and the present
authors [33, 37]. The UV descriptions of the defect NS5-brane, KK-vortex and the 522-brane, all
of them are related by T-duality transformations, are included together in the GLSM (3.6). This
situation is similar to the double field theory where T-duality symmetry is manifestly realized and a
DFT solution represents a family of objects related by T-duality. This is a reason of the name “semi-
doubled”. In the IR limit of this gauge theory, we obtained a sigma model. This is still semi-doubled.
Performing the dualization procedure, we successfully obtained the string sigma models for the single
defect NS5-brane, the single KK-vortex, and the single exotic 522-brane. The corresponding IR sigma
models are also derived from the standard GLSMs which appears via the dualization procedure at
the UV level. Throughout the analysis, we confirmed that the dualization procedure is applicable
at any level where the gauge couplings are finite. This is quite a powerful statement because we
can perform the T-duality transformations without global isometry at any energy level in terms of
reducible superfields. This is completely parallel to the discussion by Hori and Vafa [43] where the
duality transformations in the presence of isometry are performed via the exchange between a chiral
and a twisted chiral superfields.
The most efficient applications of the GLSM we constructed are instanton effects in IR geometries.
By utilizing the GLSMs that incorporate the torus fibration, we discuss the worldsheet instanton
corrections to five-branes of codimension two. Although, there are some technical issues to implement
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the rigorous calculations, we can elucidate the essential consequences of the instanton effects. By
writing down the truncated models in a suitable limit of parameters, we found that the expected
winding corrections to the geometries appear. This is due to the specific structures of the topological
terms in the GLSM. The result is quite natural and is consistent with the calculations in [31] and
subsequent works [13, 14]. We also confirmed that this completely agrees with the result in DFT
analysis discussed in our previous work [41]. Since our new GLSMs are much simpler than the
previous one [33, 46], then it would be possible to evaluate the instanton calculus by the localization
techniques (see, for instance, the pioneer works [52, 53, 54, 55, 56, 57, 48, 58] and many others). The
localization with semi-chiral superfields [59, 60] would be also helpful to analyze our semi-doubled
GLSM.
The models we obtained from the semi-doubled GLSM are alternative GLSMs for respective five-
branes of codimension two. Even though they are not described in the superfield formalism, the
constituents are much simpler than the formulation in [33] proposed by the present authors. This is
because we replaced the complex twisted linear superfield with the sum of irreducible superfields. This
replacement is completely equivalent. On the other hand, in the previous formulation, we introduced
the prepotential of the chiral superfield Ψ. This is also reducible. We have to remove many redundant
degrees of freedom by performing the gauge-fixing [46]. This is quite troublesome when we consider
quantum corrections.
As discussed in section 6 and in the previous work [41], one expects that there are winding correc-
tions even in the branes of codimension less than two. In the present framework, the chiral superfield
Ψ, which carries the remaining two transverse directions of the five-branes, never couples to the gauge
field strength, i.e., the twisted chiral Σ. Then, it is impossible to generate further topological terms
to trace the worldsheet instanton corrections along Ψ. In other words, as far as we employ the GLSM
scheme proposed by Tong and its extension, there are no way to analyze the quantum corrections to
five-branes of codimension one (a domain wall) or codimension zero (a space-filling brane) as discussed
in [41]. However, if we apply the present technique to DFT, it might be possible to trace them. The
gauged DFT [61] and the doubled-yet-gauged DFT [62, 63] would be good candidates to apply it. It
would be interesting to proceed to these directions.
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Appendix
A N = (2, 2) superfields in two dimensions
In this appendix, we introduce two-dimensional N = (2, 2) superfields and their component fields.
This appendix is prepared to support detailed computations for readers.
A.1 Convention
First of all, we introduce the supercovariant derivative with respect to anti-commuting Grassmann
coordinates (θ±, θ±) which are given as one-component Weyl spinors in two-dimensional spacetime:
D± :=
∂
∂θ±
− iθ±(∂0 ± ∂1) , D± := − ∂
∂θ±
+ iθ±
(
∂0 ± ∂1
)
. (A.1)
Here ∂m are the coordinate derivatives of two-dimensional spacetime. For later convenience, we often
use the light-cone coordinates ∂± = ∂0 ± ∂1. We note that the one-component Weyl spinor θ± has
chirality ±, whose index is raised in terms of ε+− = −ε−+ = −1 in such a way that
θ+ = ε+−θ− = −θ− , θ− = ε−+θ+ = +θ+ . (A.2)
We also note that the above two derivatives are related via the hermitian conjugate which is defined
as (η+λ−)† = +λ−η+. Chirality is not flipped when we study two-dimensional spacetime with Lorentz
signature. Here we also introduce the measure of the Grassmann coordinates (θ±, θ±):
d2θ := −1
2
dθ+ dθ− , d2θ˜ := −1
2
dθ+ dθ− , d4θ := −1
4
dθ+ dθ− dθ+ dθ− , (A.3a)∫
d2θ θθ = 1 ,
∫
d2θ˜ θ+θ− =
1
2
,
∫
d4θ θ+θ−θ+θ− = −1
4
. (A.3b)
By using these measure, we construct supersymmetric Lagrangians.
A.2 Superfields
Here we write down various superfields which appear in the main part of this paper.
• Chiral superfield:
The definition of a chiral superfield is
0 = D±Φ . (A.4)
Φ is expanded in terms of a complex scalar φ, two complex Weyl spinors ψ± and a complex
scalar F in the following way:
Φ = φ+ i
√
2 θ+ψ+ + i
√
2 θ−ψ− + 2i θ+θ−F
− i θ+θ+∂+φ− i θ−θ−∂−φ+
√
2 θ+θ+θ−∂+ψ− +
√
2 θ−θ−θ+∂−ψ+
+ θ+θ−θ+θ−∂+∂−φ . (A.5)
We sometimes express the superfield to Φ(φ, ψ±,F) to show the component fields. If an auxiliary
field F is not important to discuss, we also express it to Φ(φ, ψ±).
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• Vector superfield:
A vector superfield is given as a hermitian superfield:
V = V . (A.6)
The expansion is given in the following way as
V = −θ+θ+(A0 +A1)− θ−θ−(A0 −A1)−
√
2 θ−θ+σ −
√
2 θ+θ−σ
− 2i θ+θ−(θ+λ+ + θ−λ−)+ 2i θ+θ−(θ+λ+ + θ−λ−)+ 2 θ+θ−θ+θ−DV , (A.7)
where Am is a real vector, σ is a complex scalar and σ is its conjugate, λ± and λ± are complex
Weyl spinors, and DV is a real scalar. Here we have already applied the Wess-Zumino gauge.
• Twisted chiral superfield:
A twisted chiral superfield is defined as
0 = D+Y = D−Y . (A.8)
The explicit expansion of Y (σ, χ+, χ−, G˜) is given as
Y = σ + i
√
2 θ+χ+ − i
√
2 θ−χ− + 2iθ+θ−G˜
− iθ+θ+∂+σ + iθ−θ−∂−σ −
√
2 θ+θ−θ−∂−χ+ −
√
2 θ+θ+θ−∂+χ−
− θ+θ−θ+θ−∂+∂−σ , (A.9)
where component fields are a complex scalar σ, complex Weyl spinors χ− and χ+, and a complex
scalar G˜. It is useful to introduce a twisted chiral superfield Σ for the (Abelian) gauge field
strength Fmn = ∂mAn − ∂nAm in the following form:
Σ =
1√
2
D+D−V = σ + i
√
2 θ+λ+ − i
√
2 θ−λ− −
√
2 θ+θ−(DV − iF01)
− i θ−θ− ∂−σ − i θ+θ+ ∂+σ −
√
2 θ−θ+θ− ∂−λ+ +
√
2 θ+θ−θ+ ∂+λ−
− θ+θ−θ−θ+ ∂+∂−σ . (A.10)
• Complex twisted linear superfield:
The above three superfields are irreducible, which means that the number of the degrees of
freedom is minimum. On the other hand, we can also define reducible superfields. Here, a
complex twisted linear superfield is a typical one:
0 = D+D−L˜ = −D+D+L˜ . (A.11)
The expansion is introduced as
L˜ = φ˜L + i
√
2 θ+ψ˜L+ + i
√
2 θ−ψ˜L− + i
√
2 θ+χ˜L+ + i
√
2 θ−χ˜L−
+ i θ+θ−F˜L + i θ+θ−M˜L + θ+θ−G˜L + θ−θ−A˜L= + θ+θ+B˜L++
−
√
2 θ+θ−θ+∂+ψ˜L− −
√
2 θ+θ−θ−ζ˜L− −
√
2 θ+θ+θ−λ˜L+ +
√
2 θ−θ+θ−∂−χ˜L+
− θ+θ−θ+θ−
(
− ∂+∂−φ˜L − i∂+A˜L= + i∂−B˜L++
)
. (A.12)
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The component fields are as follows: complex scalars φ˜L, F˜L, M˜L and G˜L, complex Weyl spinors
ψ˜L±, χ˜L±, λ˜L+ and ζ˜L−, and certain components of complex vectors A˜L= and B˜L++. The degrees
of freedom of this reducible superfield has three times as many as that of irreducible superfields.
Indeed, this is described in terms of three irreducible superfields in such a way that
L˜ = X +W + Y ,

X : chiral ,
W : anti-chiral ,
Y : twisted chiral .
(A.13)
The relation between the component fields of the left-hand side L˜ and those of the right-hand
side X(φX , ψX±,FX), W (φW , ψW±,FW ) and Y (σY , χ˜Y+, χ˜Y−, G˜Y ) are determined as
φ˜L = φX + φW + σY , F˜L = 2FX , (A.14a)
M˜L = 2FW , G˜L = 2iG˜Y , (A.14b)
A˜L= = −i∂−
(
φX − φW − σY
)
, B˜L++ = −i∂+
(
φX − φW + σY
)
, (A.14c)
ψ˜L+ = ψX+ + χ˜Y+ , ψ˜L− = ψX− , (A.14d)
χ˜L+ = ψW+ , χ˜L− = ψW− − χ˜Y− , (A.14e)
λ˜L+ = ∂+
(
ψW− + χ˜Y−
)
, ζ˜L− = −∂−
(
ψX+ − χ˜Y+
)
. (A.14f)
B One-form Ω
In section 4, we introduced two one-forms Ωa and Ω̂a′ whose components are described in (4.5). In
this appendix, we consider the smearing procedure. At the infinity limit k, `→∞, the FI parameters
can be replaced with continuous variables t3a → t and t̂4a → t̂. Furthermore, Ra and R̂a′ becomes
functions of t and t̂, respectively. The sums
∑
a Ωi,a and
∑
a′ Ω̂j′,a′ are also replaced with integrals
with respect to t and t̂:
H0 =
1
g2
+ lim
L3→∞
1
2piR3
∫ L3
−L3
dt
1√
2R
+ lim
L4→∞
1
2piR4
∫ L4
−L4
dt̂
1√
2R̂
=
1
g2
+ lim
L3→∞
1
2
√
2piR3
log
L3 +
√
ρ2 + L23
ρ
+ lim
L4→∞
1
2
√
2piR4
log
L4 +
√
ρ2 + L24
ρ
=
1
g2
+ σ3 log
Λ3
ρ
+ σ4 log
Λ4
ρ
, (B.1a)
Ω1 = − lim
L3→∞
1
2piR3
∫ L3
−L3
dt
r3 − t√
2R(R+ r2)
= 0 , (B.1b)
Ω3 = + lim
L3→∞
1
2piR3
∫ L3
−L3
dt
r1√
2R(R+ r2)
= −σ3
{
arctan
(r2
r1
)
− pi
2
}
, (B.1c)
Ω̂1 = + lim
L4→∞
1
2piR4
∫ L4
−L4
dt̂
ϑ− t̂√
2R̂(R̂+ r2)
= 0 , (B.1d)
Ω̂4 = − lim
L4→∞
1
2piR4
∫ L4
−L4
dt̂
r1√
2R̂(R̂+ r2)
= +σ4
{
arctan
(r2
r1
)
− pi
2
}
. (B.1e)
Here we have introduced the IR cutoffs Λ3 and Λ4. As defined in the main part, we used ρ
2 =
(r1)2 + (r2)2. The values (σ3, σ4) are also defined in (4.13).
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If we investigate the supersymmetric effective theory of (3.3) without the SU(2)R×ŜU(2)R rotation
(3.5), we obtain two one-forms Ωa and Ω̂a′ whose components are explicitly expressed as
Ω1,a = +
r2 − s2a√
2Ra(Ra + (r3 − t3a))
, Ω2,a = − r
1 − s1a√
2Ra(Ra + (r3 − t3a))
, Ω3,a = 0 , (B.2a)
Ω̂1,a′ = +
r2 − ŝ2a′√
2R̂a′(R̂a′ − (ϑ− t̂4a′))
, Ω̂2,a′ = − r
1 − ŝ1a′√
2R̂a′(R̂a′ − (ϑ− t̂4a′))
, Ω̂4,a′ = 0 . (B.2b)
These one-forms also satisfy the monopole equations (4.8). But the polarizations are different from
those in (4.5).
We perform the smearing procedure in this configuration. Setting the FI parameters to (4.12),
and taking the infinity limit k, `→∞, we replace the sums ∑a Ωi,a and ∑a′ Ω̂j′,a′ to integrals:
Ω1 = lim
L3→∞
1
2piR3
∫ L3
−L3
dt
r2√
2R(R+ (r3 − t)) = + limL3→∞
σ3r
2
ρ2
L3 , (B.3a)
Ω2 = lim
L3→∞
1
2piR3
∫ L3
−L3
dt
−r1√
2R(R+ (r3 − t)) = − limL3→∞
σ3r
1
ρ2
L3 , (B.3b)
Ω̂1 = lim
L4→∞
1
2piR4
∫ L4
−L4
dt̂
r2√
2R̂(R̂− (ϑ− t̂)) = + limL4→∞
σ4r
2
ρ2
L4 , (B.3c)
Ω̂2 = lim
L4→∞
1
2piR4
∫ L4
−L4
dt̂
−r1√
2 R̂(R̂− (ϑ− t̂)) = − limL4→∞
σ4r
1
ρ2
L4 . (B.3d)
Unfortunately, we cannot extract any physical information which should be described as finite values.
Since the one-forms play a central role in investigating the background configurations of defect five-
branes as discussed in [33], we have to conclude that the polarizations (B.2) is useless. This is the
primary reason why we performed the SU(2)R × ŜU(2)R rotation (3.5) in the construction of the
semi-doubled GLSM.
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